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Abstract

We give various realizations of the adjoint orbits of a semisimple Lie
group and describe their symplectic geometry. We then use these realiza-
tions to identify a family of Lagrangean submanifolds of the orbits.
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1 Introduction

Let G be a noncompact (real or complex) semisimple Lie group with Lie
algebra g. The purpose of this paper is to describe various realizations of
the homogeneous spaces G/Zy with Zy the centralizer in G of an element
H belonging to a Cartan subalgebra of g. We then use these descriptions
to study the symplectic geometry of adjoint orbits and to identify a family
of Lagrangian submanifolds.

Our motivation to study these homogeneous spaces is the construc-
tion of Lefschetz fibrations in [5]. The full description of these fibrations
requires a further understanding of the symplectic geometry (or rather
geometries) of G/Zy, in particular those properties related to the de-
scription of the Fukaya category of the Lagrangean vanishing cycles. In
this paper we get some of these properties that have independent interest.

To be more specific let a be a Cartan—Chevalley algebra of g, that is,
the Lie algebra of the A component of an Iwasawa decomposition G =
KAN. We select a Weyl chamber at C a and pick Hp € cla®. The adjoint
orbit Ad (G) Ho identifies with the homogeneous space G/Zg,. Also the
subadjoint orbit Ad (K) Ho identifies with a flag manifold Fr, = G/ P,
where Pp, is the parabolic subgroup defined by Hp, which contains Zp,.

In this paper we get other realizations of G/Zp,. First we prove
that G/Zp, has the structure of a vector bundle over Fy, isomorphic
to the cotangent bundle T*Fg,. This fact was proved before by Azad-
Van den Ban-Biswas [2] using a different approach. Here we exploit more
decisively the associated vector bundle construction obtained by Ppg,-
representations by viewing G — Fy, = G/ P, as a Pg,-principal bundle
(see Subsection [2.1)).

The isomorphism Ad (G) Ho =~ T*F g, provides the adjoint orbit with
two different actions, namely the natural transitive action on Ad (G) Ho
and the linear action on T"Fpg, obtained by lifting the action of G on
Fr,. The later action is not transitive since the zero section is invariant.
Thus one is asked to build a transitive action on the cotangent bundle
T*Fp, different from the linear action. We do so by constructing a Lie
algebra 6 (g) of Hamiltonian vector fields (with respect to the canonical
symplectic form Q of T*Fg) which is isomorphic to g. The elements of
0 (g) are complete vector fields and hence the infinitesimal action given
by 6 (g) integrates to an action of a Lie group, by a classical theorem
of Palais [8]. This action is transitive and Hamiltonian by construction.
The isotropy subgroup of the transitive action is Zg, and thus T*Fg, gets
identified with G/Zp,. It turns out that the moment map p: T*Fg, — g
of the Hamiltonian action takes values in Ad (G) Hy and is the inverse of
the previously defined map Ad (G) Hy — T*Fu,.

In another realization of G/Zg,, it is compactified to an algebraic
projective variety, namely the product Fr, x Fus where Fyy is the flag
manifold dual to Fg, (see Section . This is obtained by the diagonal
action g (z,y) = (gz,9y) of G on Fy, x Fgx which has just one open
and dense orbit whose isotropy group is Zn, = Zpu; and hence realizes
G/Zu,. The embedding G/Zn, — Fu, X Fus induces several geometric
structures on G/Zp, inherited from those of Fr, X Fx. The point is that
Fr, x Fuy is a flag manifold of G x G and hence admits Riemmannian



metrics (Hermitian in the complex case) invariant by the compact group
K x K. These metrics on Fp, x Frg induce new metrics on G/Zg,, as
well as new symplectic structures in the complex case.

The embedding G/Zy, — Fu, X Faz combined with representations
of g yields realizations of G/Zp, as orbits on V ® V* where V is the
space of an irreducible representation of g with highest defined by Ho (see
Section 4)).

The last two realizations of G/Zu, are used in Sections [5] and [6] to
build a class of Lagrangean submanifolds in G/Zp, with respect to the
symplectic structures inherited from the embedding G/Zn, — Fro X Fry.

2 Adjoint orbits and cotangent bundles
of flags

Let g be a noncompact semisimple Lie algebra (real or complex) and let
G be a connected Lie group with finite centre and Lie algebra g (for
example G may be Auto (g), the component of the identity of the group
of automorphisms).

Usual notation:

1. The Cartan decomposition: g = ¢ @ s, with global decomposition

G=KS.
2. Iwasawa decomposition: g = € ® a ® n, with global decomposition
G =KAN.

3. II is a set of roots of a, with a choice of a set of positive roots IIT
and simple roots ¥ C IIT such that n™ = Y asofa and go is the

root space of the root . The corresponding Weyl chamber is a*.

4. A subset © C X defines a parabolic subalgebra pe with parabolic
subgroup Pe and a flag Fo = G/Pe. The flag is also Fe = K/Koe,
where Ko = K N Po. The Lie algebra of Kg is denoted teo.

5. He € cla® is characteristic for © ¢ ¥ if © = {a € ¥: a(He) =
0}. Then, pe = @,-,9» where A runs through the nonnegative
eigenvalues of ad (He).

Conversely, starting with Hy € cla® we define Oy, = {a € ¥ :
a(Ho) = 0} and in the several objects requiring a subscript © we
use Ho instead of ©n,. For instance, Fu, =Foy, , etc.

6. bo =1- Ko = 1- Po denotes the origin of the flag Fo = K/Ko =
G/Pes.

7. We write

b= D> % Me= > g
a(Hg)>0 a(Hg)<0
so that g =ng 30 ® ng, where 3o is the centralizer of Hg in g.

8. Zo = {g € G : Ad(9) Ho = He} is the centralizer in G of the
characteristic element He. Its Lie algebra is jo. Moreover, Ko is
the centralizer of Hg in K:

K(—):ZK(H(-)):Z@)ﬂK:{kGK:Ad(k‘)H@:H@}.



Theorem 2.1. The adjoint orbit O (He) = Ad (G) - He =~ G/Ze of the
characteristic element Heo is a C° wvector bundle over Fg isomorphic to
the cotangent bundle T*Fg. Moreover, we can write down a diffeomor-
phism v : Ad(G) - Ho — T"Fe such that

1. ¢ is equivariant with respect to the actions of K, that is, for all
ke K, _
toAd(k)=kou

where k is the lifting to T*Fe (via the differential) of the action of
k on Feo.

2. The pullback of the canonical symplectic form on T*Fe by ¢ is the
(real) Kirillov-Kostant-Souriauz form on the orbit.

The diffeomorphism ¢: O (He) — T"Feo (see will be defined in
two steps, first O (He) is proved to be diffeomorphic to a vector bundle
V — K/Ke associated to the principal bundle K — K/Ke, built from
a representation of Ke, then V — K/Kg is proved to be isomorphic to
T Fo.

Remark 2.2. The equivariance of item (1) above holds only for the action
of K. However, there exists also an action of G on the vector bundle,

obtained via the diffeomorphism with O (Hg). Unlike the action of K,
this action is nonlinear since the linear action is not transitive.

The projection 7: O (He) — Feo is obtained via the action of G. Given
the homogeneous spaces O (Hg) = G/Zg and Fg = G/ Pe, the centraliser
Ze is contained in Po. We obtain a canonical fibration gZg — gPe with
fibre Po/Ze. On one hand, in terms of the adjoint action the fibre is
Ad (Pe)- He, whereas on the other hand it is the affine subspace He +ng,
where ng, is the sum of the eigenspaces of ad (He) associated to eigenvalues

> 0, that is,
=Y.

with the sum running over the positive roots o outside (©), that is, with
a(He) > 0. Indeed, if g € Po then Ad (g) Ho = He + X with X € ng.
Moreover if No = expne then the map g € No — Ad(g) He — He € ne
is a diffeomorphism.

Example 2.3. The example of sl(n) — R or C — is enlightening: Pe is
the group of matrices that are block upper triangular. The diagonal part
(in blocks) is Ze, whereas ng is the upper triangular part above the blocks.
He is a diagonal matriz that has one scalar matriz in each block. Thus,
congugation Ad(g) Ho = gHog ! keeps He inside the blocks and adds
an upper triangular part above the blocks, that is, gHeg ' = He + X for

some X € nzg.

The fibre of 7: O (He) — Fo is a vector space. This alone does not
guaranty the structure of a vector bundle. Nevertheless, the structure
of vector bundle can be obtained as a bundle associated to the principal
bundle K — K/Ke with structure group Ke.



2.1 O(He) — Fg is a vector bundle
N

The adjoint representation of Ko on g leaves invariant the subspace ng
and consequently Ad (k) takes eigenspaces of ad (He) to eigenspaces. It
follows that the restriction of Ad defines a representation p of K¢ on
nd. This allows us to define the vector bundle K x, ng associated to
the principal bundle K — K/Kg. To define a diffeomorphism between
O (He) and K x, nf recall that O (He) = U, Ad (k) (He + n).

Proposition 2.4. The map v: O (He) — K X, n(J_S defined by
Y = Ad (k) (He + X) € O (He) — k- X € K x,nd
is a diffeomorphism satisfying

1. 7 is equivariant with respect to the actions of K.

2. ~ maps fibers onto fibers.

3. ~ maps the orbit Ad (K) He onto the zero section of K x, ng.
Proof. To see that v is well defined: if Ad (k) (He + X) = Ad (k1) (He + X1)
then Ad (u) (He + X) = He + X1 where u = k; 'k. By equivariance, it
then follows that

u-beg = u-ﬂ'(H@-i—X)
= 7 (Ad(v) (Ho + X))
= 7 (He + X1)
= be.

Consequently u € Keg, therefore Ad (u) (He +X) = He + Ad(u) X =
Ho + X1 with X; = Ad (u) X. Hence,

ky-Xi=ku ' pw) X =k-X
showing that 7 is well defined. Surjective follows because of k - X =
~v(Ad (k) (He 4+ X)). For injectivity, since k1 - X1 = k- X implies k1 = ku
and X1 = Ad (u™') X, u € Keo. Hence,
Ad (k1) (He + X1) = Ad(k)(Ad(u) He + Ad (u) X1)
Ad (k) (He + X).

Now, the fibre of O (He) over k - be is Ad (k) (He + ng), which is

taken by v to elements of the type k- X, that are in the fibre over k - bg

of K x,nd. Also, v (Ad (k) (He)) = k - 0, which is in the zero section of
K x, ng. Equivariance holds because

voAd(u) (Ad (k) (He + X)) = v (Ad (uk) (He + X)) = uk - X

and the last term is the left action of w € K on the vector bundle. Finally,
diffeomorphism follows from the manifold constructions of O (He) (as a
homogeneous space) and K x, nd (as an associated bundle).

From the diffeomorphism - we endow O (He) with the structure of a
vector bundle coming from K X, ng. Its fibers are the affine subspaces
Ad (k) (H@ + ng).



2.2 Isomorphism with TFg

Let L be a Lie group, M a closed subgroup, and ¢: M — Gl (T, (L/M))
the isotropy representation of M on the tangent space of L/M at zo.
The tangent bundle T'(L/M) is isomorphic to the vector bundle L x,
Two (L/M), associated to the principal bundle L — L/M via the rep-
resentation ¢. Similarly, if +* is the dual representation, then T (L/M)
is isomorphic to the vector bundle L x,« (Ty, (L/M))*. Observe that if
Q Xp, V and @ Xx,, W are vector bundles associated to the principal bun-
dle Q — X, via equivalent representations p; and pz then Q x,, V is
isomorphic to Q X,, W.

The tangent space Ty, Fo can be identified with ng = Za(H@)<0 Jos
and the isotropy representation becomes the restriction of the adjoint
representation. The subspace n(_"; is isomorphic to the dual (n(:))* of ng
via the Cartan—Killing form (-, ) of g. Thus, the map

X end = (X,) € (ng)”

is an isomorphism.

Therefore, T*Fo = T* (K/Ke) is isomorphic to K X ,ng;, which in turn
is diffeomorphic to the adjoint orbit O (He). Both diffeomorphisms per-
mute the action of K. This finishes the proof of the first part of Theorem
as well as of item (1). Thus, the diffecomorphism ¢: O (He) — T"Fe
is obtained by composing v: O (He) — K x, ng with the vector bundle
isomorphism between K X, ng and T"Fe. It is explicitly given by

v: Ad (k) (Ho + X) € O (He) — (Ad (k) X,-) € Try, Fo (2.1)

where X € ng and Trp Fo is identified with Ad (k) ng.
Item (2) of Theorem will be a consequence of Proposition m
below.

2.3 The action of G on T*Fg

The diffeomorphism ¢: O (He) — T"Fe induces an action of G on T*Fe
by ga =10Ad(g) ot ! (a), g € G, a € T*Fe. The action of K is linear
since it is given by the lifting of the linear action on Fg. However, the
action of (G is not linear because the linear action on 7*Fg is not transitive
(the zero section is invariant). It is therefore natural to ask how does the
action of G behave in terms of the geometry of T*Feo. The description of
this action will be made via an infinitesimal action o the Lie algebra g of
G, that is, through a homomorphism 0: g — I' (T*Fe), which associates
to each element of the Lie algebra g a Hamiltonian vector field on T*Fg.

Let Q be the canonical symplectic form on T*Fg. Given a vector field
X on Fe denote by X# the lifting of X to T*Fe. The flow of X# is linear
and is defined by a € T;Fe — a0 (d‘b*t)cbt(m) where ¢; is the flow of X.
The lifting satisfies:

1. m.X# = X, where n: T*Fo — Fo is the projection.

2. X% is the Hamiltonian vector field with respect to Q for the function
hx (§) =& (X (2)), § € T Fe.



3. If X and Y are vector fields, then [X,Y]# = [X# Y#], that is,
X — X% is a homomorphism of Lie algebras.

Now, for Y € g we denote the vector field on Fg whose flow is exptY
by Y or simply by Y if there is no confusion.

Since the action of K in T"Fg is linear, it follows that the vector field
induced by A € t on T*Fe is X#, that is,  (X) = X# if X € ¢. Using
the Cartan decomposition g = ¢ @ s, it remains to describe 6 (X) when
X € 5. This is done modifying the vector field X# by a vertical one so
that the new vector field still projects on X.

The following lemma is well known. We include it here for the sake of
completeness.

Lemma 2.5. Let M be a manifold and f: M — R. Define F: T"M — R
by F' = form (w: T*M — M 1is the projection). Let Vi be the Hamiltonian
vector field of F with respect to Q. Then, V¢ is vertical (7.Vr =0), and
VF is the constant parallel vector field whose restriction to a fiber Ty M is
—dfy € Ty M.

Proof. A straightforward way to see this is to use local coordinates g, p of
M and the fibre, respectively. Then, the Hamiltonian vector field is

VF:ZGFG oF 0

Op; 0qi  Oqi Opi

Since the function F' does not depend on p, only the second term remains,
showing that the vector field is vertical. If x = (q1,...,qn) € M is fixed
then the second term becomes

oF 0
Zi: 9g; Opi —dfs

since OF/dq; = 0f/Dq;. O

We return to Fe which coincides with the adjoint orbit Ad (K)-He C s.
Given X € s, we can define the height function

fx (z) = (2, X)

where (-, ) is the Cartan—Killing form, which is an inner product when
restricted to s.

Now a choose a K-invariant Riemannian metric (-,-)5 on Fe. The
most convenient for our purposes is the so called Borel metric which has
the property that for any X € s the gradient of fx is exactly the vector
field X induced by X (see Duistermat—Kolk—Varadarajan [3]).

For X € s set F'x = fx om and denote by Vx its Hamiltonian vector
field on T*Fe. By the lemma Vx is vertical.

The following lemma will be used to evaluate the symplectic form on
the several Hamiltonian vector fields defined above.

Lemma 2.6. We have the following directional derivatives:
1. IfAct and X € s then A¥Fx = Fia,x)-
2. If X,Y €5 then X#*Fy = Y#Fx.



3. If X,Y € s then VxFy = 0.
Proof. Straightforward calculation. O

Remark 2.7. In the computation of the partial derivative of item (1)
above we used the fact that the Lie algebra of G is formed by right invariant
fields. For the bracket [-,-] in g formed by the right invariant vector fields
the following equality holds Ad (eA) = e ) The reason to use right
invariant vector fields is so that we can project onto homogeneous spaces.

We deduce the Lie brackets between the Hamiltonian vector fields.

Corollary 2.8. We have the following Lie brackets:
1. If A€t and X € s then [A# Vx] = Vja x].
2. If X,Y €5 then [X# Vy] = [Y# Vx].
3. If X,Y € s then [Vx,Vy] =0.

Corollary 2.9. The map 0 defined on g and taking values on wvector
fields of T*Fo defined by 0 (A) = A* if Actand 0(X)=X* +Vx isa
homomorphism of Lie algebras.

Proof. This follows directly from the brackets in Cor. O

In other words, 6 is an infinitesimal action of g on T*Fe. By a classical
result of Palais this action is integrated to an action of a connected Lie
group G, whose Lie algebra is g, provided the vector fields are complete.

Lemma 2.10. The vector fields 0 (Z), Z € g are complete.

Proof. Take Z = A+ X with A € £ and X € s so that §(Z) = A* +
X* 4+ Vx=(A+ X)# + Vx. Suppose by contradiction that there exists
a maximal trajectory z (t) of Z defined in a proper interval (a,b) C R,
with e.g. b < oco. This implies that lim;,; z (t) = oco. Let z (¢) be the
projection of z (t) onto Fe. Then z (t) is a trajectory of the vector field
m on Fg induced by A4+X. Since m is complete (by compactness
of Fg) there exists lim;—_,p z (t) = z (b).

In a local trivialization T*Fg &~ U x R™ around z (b) we have z (t) =
(z (t),y (t)). The second component y (t) satisfies a linear equation

y=At)y+c(t)

where A (t) is the derivative at x (¢) of the vector field A+ X and ¢ () =
Vx (z (t)). The solution of this linear equation is defined in a neighbor-
hood of b, contradicting the fact that z (¢) — co as t — b. O

As a consequence we obtain the following result.
Proposition 2.11. The infinitesimal action 0 integrates to an action
a: G X T"Fo — T*Fo of a connected Lie group G with Lie algebra g.
This action a (g,x) = g - T satisfies:

1. 0(Y)(z) = a(e™,z) for allY € g.

d

dt |¢t=0

2. The action is Hamiltonian since the vector fields 0 (Y), Y € g are
Hamiltonian vector fields.



3. The projection w: T*"Fo — Fo is equivariant with respect to this new
action and the action of G on Fg.

4. The action a is transitive.

Proof. The first two items are due to the construction of § and a. As to
equivariance it holds because for any Y € g the projection .0 (Y) is the
vector field Y induced by Y via the action on Fe.

To prove transitivity we observe that the Cartan decomposition g =
£ @ s induces the Cartan decomposition G = KS. The group K acts on
T*Fe by linear transformations among the fibres, since 6 (4) = A% for
A € t. Since K acts transitively on Fg, it suffices to verify that G acts
transitively on a single fibre.

Let bo € Fe be the origin of Fg also seen as the null vector of Tb*@ Feo.
Then the orbit G - bg on T*Fg is open, because the tangent space to the
orbit

{0(2) (bo) : Z € g}
coincides with the tangent space Ty, (T"Fo).

In fact, Tpo (T"Fe) is the sum of the (horizontal) tangent space
TFe with the (vertical) fibre Ty Fo. The transitive action of K on
Fo guaranties that TFe = {0 (A) (be) : A € ¢}. On the other hand,
given X € s there exists A € € such that X (be) = A (be). In such
case, m(b@) = 0, which implies that (X — A)* (be) = Vx (be).
The vertical vector Vx (be) is the linear functional of T, Fe given by
v o <)~( (b@),v)B = (dfx),, (v). These linear functionals generate

Ty, Fe since X (be), X € s, generates Ty Fo. This shows that the vertical
space is contained in the space tangent to the orbit, concluding the proof
that the orbit is open.

Finally, take H € a®. Then, Vi (bo) = 0 since H (bo) = 0. Moreover,
H# is vertical in the fibre over bg and restricts to the fibre as a linear
vector field. Since H was chosen in the positive chamber a™, such linear
vector field is given by a linear transformation whose eigenvalues are all
negative. This implies that any trajectory of H* in the fibre intercepts
every neighborhood of the origin. Since G - bg contains a neighborhood
of the origin we conclude that G is transitive in the fibre Ty Fo, showing
that the action is transitive. O

The next step is to identify T*Fe as a homogeneous space of G, via
the transitive action of the previous proposition. First of all we shall find
the isotropy algebra [ at be, that is,

[={Y €g:0(Y)(bo) =0}

where the origin of the flag be is seen also the null vector of T, Fe.
Lemma 2.12. The isotropy subalgebra | = {Y € g : 6 (Y) (be) = 0}
coincides with the isotropy subalgebra at Heo of the adjoint orbit, that is,
[= jo.

Proof. Let Y € gwith 6 (Y)(bo) =0and Y = A+ X, Actand X € s.
Then, 0 (Y) = A% 4 X# 4 Vx and since A% (bg) = X# (bo) = 0, it



follows that Vx (be) = 0. However, as in the previous proof, Vx (be)
is the linear functional v ()? (bo) ,v) . Therefore, X (bo) = 0. On
B

the other hand, 6 (Y) (bo) = 0 implies that Y (be) = 0, and consequently

A (be) = —X (be) = 0. This shows that A € peNt C 30 and B € poNs C
30, thus Y € 30. Therefore,

(Y eg:0(Y)(bo) =0} C so.

Equality follows from the fact that these algebras has the same dimension,
since they are isotropy algebras of spaces of equal dimension. O

The equality of isotropy Lie algebras [ = 30 shows at once the equality
of isotropy subgroups if we know in advance that they are connected, as
happens for instance to complex Lie algebras. The next statement shows
that the isotropy groups indeed coincide.

Proposition 2.13. Let L be the isotropy group of the action a: G X
T*Fo — T*Fo at be. Then, L = Zo.

Proof. By the previous lemma the Lie algebras of these groups coincide,
therefore their connected components of the identity (Ze), and Lo are
equal. Since L normalizes its Lie algebra, it follows that L normalizes je.
Nevertheless, the normalizer of 3o is Zg. Therefore, L C Zg.

To verify the opposite inclusion, consider the restriction of the action
a to the subgroup K. For A € ¢, 6 (A) = A*. Thus, the action of K on
T*Fo is linear. Therefore the isotropy group K N L coincides with the
isotropy group of the action on Fg at be, that is, K N L = Keo. Now, we
know that Ke intercepts all connected components of Zg, see [?, Lemma
1.2.4.5.]. Therefore, the relations K¢ C L and (Ze), = Lo imply that
Zo C L. O

Remark 2.14. Lemma 2.12 and proposition 2.13 are needed to verify
that the homogeneous space obtained via the infinitesimal action indeed
coincides with the homogeneous space of the adjoint orbit. Although the
manifolds are isomorphic, it is not granted a priori that the group actions
agree.

Remark 2.15. The group G that integrates the infinitesimal action 6
s necessarily the adjoint group Auto (g), whose center is trivial. This
happens because the action of G on T*Fe is effective, as G is a subgroup
of diffeomorphisms of T*Fe. An effective action on the adjoint orbit only
happens for the adjoint group, since the centre Z (G) C Zeo and if z €
Z (@) then Ad(z) = id.

2.4 Moment map on T*F

The action a: G X T*"Fe — T*Fe defined above is a Hamiltonian action,
since 0 (Y) is a Hamiltonian field for each Y € g. We can then define a
moment map p: T"Feo — g*, by 1 () (Y) = eny (§), where eny : T*"Fo —
R is the energy function of 8 (Y) e £ € T*Fo. That is,

o if A € ¢ then u(€) (A) :g(ﬁ(x)), z =7 (€), and
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o if X €5 then p(€) (X) = ¢ (55 (a:)) +(X,z), = 7 (€), where (-,-)
is Cartan—Killing.

Associated with p we define a cocycle ¢: G — g* by

c(g) =n(g-& —Ad"u(8),

where £ € T*Fg is arbitrary since the second hand side is constant as a
function of £ (see [I]). The map c is a cocycle in the sense that

c(gh) = Ad" (g)c(h) +c(g),

which means that ¢ is a 1-cocycle of the cohomology of the coadjoint
representation of G on g*.

In the case when g is semisimple the Cartan—Killing form (-,-) in-
terchanges the representations: coadjoint Ad* and adjoint Ad. With
this we can define a moment map u: T*Fe — g (same notation) by

(1 (€) ;) = eny (£). So the cocycle becomes ¢(g) = p (g - §) —Ad (g) u (§),
which satisfies ¢ (gh) = Ad (g) ¢ (h) + ¢(g).

Theorem 2.16. Let p : T"Fe +— g be the moment map of the action
a: G xT*Fg — T"Fo constructed above, and let c: G — g be the corre-
sponding cocycle. Then,

1. c is identically zero, which means that p: T"Fo — g is equivariant,
that is, (g - §) = Adp (§)-
2. wis a diffeomorphism between T*Fg and the adjoint orbit Ad (G) He .

3. prw = Q, where Q is the canonical symplectic form of T*Fe and w
the (real) Kirillov-Kostant—Souriauz form on Ad (G) He.

4. u: T"Fo — Ad(G) He is the inverse of the map v: Ad (G) Ho —
T*Fo of Theorem given in .
Proof. The result is a consequence of the following items:

1. u(be) = He, where be is the origin of Fe also regarded as the null
vector in Ty, Fo. In fact, if A € £ then 1 (bo) (A) = bo (Z (b@)) —o.
Whereas if X € s then

n(be) (X) = bo (X (be))+ (X, Ho)
— (X, He).

Therefore, Ho € g satisfies 1 (be) (Y) = (Y, He) for all Y € g, which
means that p (be) = He.

2. If z € Fg with = Ad (k) He, k € K, then u (z) = Ad (k) He. This
follows by the same argument in the previous item, where we regard
x as the zero vector in T,Fe and thus obtain x ()? (a:)) = 0 for any
X eg.

3. c(k) = 0if & € K as follows by definition c(k) = p(k-be) —
Ad (k) p (be) and the previous items.
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4. c(h) =0if h € A. In fact, Ad(h) u(be) = Ad(h) He = He. On
the other hand, if H € a then 6 (H) (bo) = 0 since H¥ (bg) = 0
and Vg (be) = 0, since (dfu),, (1) = (Ig' (b@)7‘) = 0. This im-
plies that be is a fixed point by the action of A on T*Fg. There-
fore, p(h-be) = pu(be) = He, concluding that ¢ (h) = p(h-be) —
Ad (h) p (bo) = 0.

5. ¢ =0, that is, u is equivariant: u(g- &) = Adp (§). This follows from

the polar decomposition G = K (01A+) K and two applications of
the cocycle property. In fact, if ¢ = uhv € K (clA*) K then

c(g) = c(uhw) = Ad(uh)c(v)+ c(uh)
= Ad(u)c(h)+c(u)
0.

6. Since p is equivariant and p(be) = He, its image is contained in
the adjoint orbit Ad (G) He. The diffeomorphism property is due to
equivariance, transitivity of G on the spaces and the fact that the
isotropy subgroups on both spaces coincide. The pullback of item
(3) is a standard fact about moment maps of Hamiltonian actions.

7. To see the inverse of u take £ = ¢ (Ho + Z) € T;@F@. If Aetand
T € 5 then

W(©,4) =¢(A0e))  (1(©),X) =€ (X (ve)) + fx (bo).

Write A = A"+ A+ A" € g = ngBzodng. Then A (bo) = A~ (be)
so & (g(b@)) = (Z,A7). Since ng is Cartan—Killing orthogonal to

3o @ nd we have & (ﬁ(b@)) = (Z,A7) = (Z, A), that is,
<N (5)1A> = <ZaA> = <H9 + Z>A>

because (Heo,A) = 0. Similarly f()? (b@)) = (Z,X) and since

fx (be) = (He,X) we have (u(€),X) = (Ho + Z,X). Hence
uw(t(He + Z)) = He + Z, showing that u and ¢ are inverse to each
other.

O

Remark 2.17. (Other actions.) Besides the action defined above, there
are other infinitesimal actions g on T*Fe that play the same role:

1. Take 0~ (A) = A" if Ac tand 0 (X) = X¥ —Vx if X € 5.
Then, 0~ is still and infinitesimal representation, which gives rise
to another action of G.

2. If ((+,-)) is a K-invariant Riemannian metric on Fo such that each
X, X €5, is a gradient of the function fx then the same game can
be played with the Hamiltonian vector field of Fx = f ox in place of
Vx.
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3 Embedding of adjoint orbits into prod-
ucts

We recall here a known realization of the homogeneous space G/Zg as an
orbit in a product of flag manifolds (see [11], Section 3, for the details).

Let wo be the principal involution of the Weyl group W, that is, the
element of highest length as a product of simple roots. Then —woa™ = a*
and —woX = X, so that —wy is a symmetry of the Dynkin diagram of X.
For a subset © C X we put ©* = —wp© and refer to Fe~ as the flag
manifold dual to Fg. Clearly if He is a characteristic element for © then
—woHe is characteristic for ©*. (Except for the simple Lie algebras with
diagrams A;, D; and Fs all the flag manifolds are self-dual. In A; = sl (n),
n =1+ 1, we have for instance, the dual to the Grassmannian Gry, (n) is
Grp—k (n).)

Next we check that the the diagonal action of G on the product Fg X
Fox as (g,(z,y)) — (92, 9y), g € G, z,y € F has just one open and dense
orbit which is G/Ze.

Let xo be the origin of Fg. Since G acts transitively on Fg, all the
G-orbits of the diagonal action have the form G - (zo,y), with y € Fe~.
Thus, the G-orbits are in bijection with the orbits of the action of Pe* on
Fe+, which is known to be the orbits through wyo, w € W, where yo is
the origin of Fe«. Hence the G-orbits are G - (zo, wyo), w € W.

Now let wo be the principal involution of W.

Proposition 3.1. The orbit G- (zo,Woyo) is open and dense in Fo X Fo«
and identifies to G/Zy . (Here and elsewhere  stands for a representative
in K ofweW).

Proof. The isotropy subgroup at the point (xo,Woyo) is the intersection
of the isotropy subgroups at xo and woyo. The first one is the parabolic
subgroup P_p associated to woH* = —H, and the second one is P,
where H is a characteristic element of ©. Since Zyg = Py N P_pg the
identification follows. Now the Lie algebra 3z = pg Np_g of Py N P_g
is complemented in g by nﬁl N an, with an = Ea(H)<O go. Hence, the
dimension of G - (g, Woyo) is the same as the dimension of Fg x Fe+, so
that the orbit is open. An analogous reasoning shows that this is the only
open orbit and hence dense. O

In terms of this realization of G/Zg as an open orbit, the map G/Z¢ —
Fo is just the projection onto the first factor. Also, if © C ©;1 the pro-
jection G/Ze — G/Ze, is inherited from the projections Fo — Fo, and
Fox — ]F@I .

A flag manifold Fo = G/Pe is in bijection with the set of parabolic
subalgebras conjugate to pe, since Pg is the normalizer of pe. From this
point of view the open orbit G - (zo,woyo) C Fe x Feo« is characterized
by transversality: Two parabolic subalgebras p1 € Fo and ps € Fo+ are
transversal if g = p1 + p2, or equivalently if n(p1) Np2 = p1 Nn(p2) =
{0}, where n(-) stands for the nilradical (see [I0]). Then the open orbit
G - (zo,Wwoyo) is the set of pairs of transversal subalgebras. In particular,
the set of subalgebras transversal to the origin zg € Fe is the open cell
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NToyo with yo the origin of Fe«. More generally the set of subalgebras
transversal to gzo, g € G, is the open cell gN T @oxo.

The fixed points of a split-regular element h € A" = expa™ in
a flag manifold Fe are isolated. The set of fixed points is the orbit
through the origin of Normg (a) and factors down to the Weyl group
W = Normg (a) /Centx (a).

4 Adjoint orbits and representations of g

In this section we give realizations of the coset spaces G/Zo based on
representations of g. It will be convenient to assume that g is a complex
algebra, even though the theory works, with some adaptations, for real
algebras. This new description helps to establish a bridge between the
adjoint orbit and the open orbit in the product.

4.1 The adjoint action of G on End(V)

Let h be a Cartan subalgebra of g and denote by hr the real subspace
of h spanned by H,, a € II, where « (-) = (Ha, ). Fix a Weyl chamber
hﬁg and let ¥ = {au,...,a;} be the corresponding system of simple roots,
with fundamental weights {u1,...,w}. If g = a1pr + -+ + ay with
a; € N, then there exists a unique irreducible representation p, of g with
highest weight u. If H € b then u(H) is the largest eigenvalue of
pu (H). If wo is the main involution, then wou is a lowest weight, that is,
(wop) (H) = pu (woH) is the smallest eigenvalue of p, (H) if H € b.

If K C G is the maximal compact subgroup, then V' can be endowed
with a K-invariant Hermitian form (-, )" such that the weight spaces are
pairwise orthogonal. Such a Hermitian form is unique up to scale, because
the representation of K on V is irreducible.

In section |p| we study Lagrangean submanifolds of the adjoint orbits
Ad (G) Ho with Hy € cl (bﬂ'g), embedded into products Fg, X ]FH;;- There
is a freedom of choice to pick the element Hy, producing the same flag
Fr,. In what follows we will choose a convenient Hp.

Let ©g = © (Hop) = {a € ¥ : a(Hop) = 0}, that is, Ho is characteristic
for ©g. Let u be a highest weight such that, for « € &, (o, u) = 0 if and
only if @ € Og. (For example, 1 = pi; +- - -+pis if X\Oo = {aiy, ..., i, }.)
Define H,, € bhr by p(-) = (H,-). Then, the centralizers of H, and Hy
coincide, since ©g is the set of simple roots that vanish on Hy as well
as on H,. Hence the adjoint orbits Ad(G) H, and Ad(G) Ho give rise
to the same homogeneous space G/Zn, = G/Zn, and the flags Fp, and
Fp, coincide. From now on we take Ho = H, with p a highest weight,
M= iy e s

Let G be the linear connected group with Lie algebra p, (g) ~ g and
consider its action on the projective space P (V) of the representation
space V = V (u). It is well known that this choice of u guaranties that
the projective orbit of G by the subspace of highest weight V,, € P (V) is
the ﬂag FH“ = F@O.
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Consider the dual representations pj, of g and G on V™ as pj, (X) (¢) =
—copu(X) and p(9)(e) =copu(g7')ife € V', X €gand g € G.
Choose a basis {vo,...,vn} de V adapted to the decomposition in weight
spaces with vo € V.. Denote by {eo,...,en} the dual basis €; (v;) = d;;.
Then £o generates a subspace of “lowest ” weight of V™, in the sense that

1. pp (H)(e0) = —p(H)eo if H € b, and

2. pp(X)(e0) = 0if X € X7 (80, and p, (X) takes a weight space
V. to a sum of spaces of weights smaller than v.

Therefore, —pu is the lowest weight of V*. So, the highest weight is
p* = —wop. This means that the projective orbit of the highest weight
(and of £¢) on V™ is the dual flag IFH:;.

Example 4.1. If g = sl(n,C) then the fundamental weights are A1, A\ +
A2, ..., A1+ -+ A1, where \; is the functional that associates the i-th
eigenvalue of the diagonal matrix H € 4. If p is a fundamental weight
= A1+ -+ then the irreducible representation with highest weight u is
the representation of g on the k-th exterior power A*C™ of C™. The highest
weight space is generated by ex A --- A ey (e; are the basis vectors of C™).
The G-orbit of ex A --- A ey is the set of decomposable elements of AFC™,
so the projective G-orbit is identified to the Grassmannian Gri (n). The
dual flag of Gri (n) is Grp—k (n) which is the projective orbit on A"TRCn,
identified to the dual A*C™ by a choice of volume form on C™. The lowest
weight space on A" "FC™ is generated by exp1 A - Aen.

Keeping the same highest weight p, consider the tensor product V@V™.
G gets represented on V@ V™ by g- (v®e) = pu (9) v ® pg (g) &, which is
isomorphic to the adjoint representation of G on End (V).

Once again, let vy and €¢ be generators of the spaces of highest weight
of V and lowest of V™, respectively. Our fourth model of the adjoint orbit
is the G-orbit of vo ® 9. To prove that this orbit is indeed G/Zy, we
shall consider the moment map of the representation. Namely, the map
M:V ®V* — g* defined by

M@®e)(Z)=c¢c(pu(Z)v) veV,eeV" Zey.

Since g is semisimple, g = g* via the Cartan—Killing form (-,-) we can
take the moment map M: V ® V* — g given by

(M(v®e),Z)=c(p.(Z)v) veV,ecV", Zeg.

It is well known and easy to prove that M is equivariant with respect
to the representations on V ® V* and g. In fact, since p, (Ad(g) Z) =

Pu(9) pu(Z) pu (9_1) we have

(Ad(g)M (v®e),Z) (Ad(g) M (v®e),Ad (¢7") 2)
e (pu (971) pu (Z) pu (9)v)
(

pu(@v@pu(gle=g- (v@e).

The same calculation shows that M is equivariant with respect to the
coadjoint representation.
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In the semisimple case the moment map has the following geometric
interpretation: p, is a faithful representation, thus g = p, (g) C End (V).
The trace form tr (AB) on End (V') is non-degenerate. Thus, the moment
map is just the orthogonal projection with respect to the trace form of
End (V) =~V @ V* onto p, (g) ~ g.

As a consequence of equivariance, it follows that the image of a G-orbit
on V ® V™ by M is an adjoint orbit.

Lemma 4.2. The image of the G-orbit G - (vo ® £0) by M is the adjoint
orbit of H,, defined by p(-) = (H,, ).

Proof. If o is a root and X € g, then
g0 (pu (X) v0) = (pu (X) v0) ® €0 = —vo ® (p}, (X) €0) -

The second term vanishes if o > 0 whereas if < 0 the third term
vanishes. Hence (M (g0 ® vo),, X) = 0. But, if H € b then

€o (pu (H)vo) = u(H)eo (vo) = u(H),

that is, (M (0 ® vo), H) = pu (H) which shows that M (¢g ® vo) = H,.
Consequently, M (G - (vo @ €0)) = Ad(G) H,,. O

Proposition 4.3. The G-orbit G - (vo ® €0) is the homogeneous space
G/Zu,.

Proof. Set G - (vo®eo) = G/L. We want to show that L = Zg,.
The equivariance of M together with the equality M (G- (vo ® £0)) =
Ad (G) H,, imply that the isotropy subgroup at v ® €9 is contained in the
isotropy subgroup at H,, that is, L C Zu,. Since Zu, is connected, to
show the opposite inclusion it suffices to show that the Lie algebra 3, of
Z g, is contained in the isotropy algebra of vo ® €o.

To verify this, we observe that the isotropy algebra of vg is ker u +
Y asoJa + Zaa@O), ga, where (©g)~ is the set of negative roots gen-
erated by O, which in turn is the set of simple roots that vanish on Ho
(or H,). In this sum, the first term is given by elements H € h such
that p, (H)wvo = 0. The second term appears in the isotropy algebra
because v is a highest weight vector. Finally the last term comes from
the fact that if a is a negative root and X € gq, then p, (X)vo = 0 if
and only if (a",u) = 0. The roots that satisfy this equality are precisely
the roots in (Q9)~. Analogously, the isotropy algebra at ¢ is given by
ker p+ 3, o 8a + X ac(op)+ o Where (B0)T is the set of positive roots
generated by ©Og.

Now, set X € 3u, = h @ Zae<®0>i go- I X € Za€<@0>i go then
pu (X) vo®e0+v0®pj, (X)eo = 0since X belongs to the isotropy algebras
of v and g9. Whereas if H € § then

pu(H)vo ®@eo +vo® p, (H)eo = p(H)vo ®eo — p(H)vo ® eg = 0.
Therefore, 3, is contained in the isotropy subalgebra of vo ® €o. O
Corollary 4.4. The restriction of the moment map defines a diffeomor-

phism M: G - (vo ® g0) = Ad(G) H,.
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Via this diffeomorphism, the height function fr: Ad(G) H, — C de-
fines a function, also denoted by fm, on the orbit G - (vo ® €0). This
function has a simple expression.

Proposition 4.5. Let v®e € G- (vo ® &9). Then
fa(v®@e)=c(pu(H)v) =tr((v®@e)pu (H)).

Proof. For a moment, denote by fH the function fy defined on G -
(UQ [024] 80). Then

fuw®e) = fu (M(@ee) = (M), H),

which is € (p, (H) v) by the definition of M. In the expression involving the
trace, v ® € is regarded as an element of End (V') and the second equality
follows from e (Sv) = tr ((v ® €) S) which holds for any S € End (V). O

4.2 Isomorphism with the open orbit in Fp, x IFH*

As mentioned earlier, the flags Fy, and IFH* are obtained as projective
orbits in P (V') and P (V™) respectively. The origin of Fg,, is identified with
the highest weight space [vo], and in the identification with the adjoint
orbit of the compact group K, this origin is precisely H,.

On the other hand, [o] is the lowest weight space in V*. The isotropy
algebra at [eo] contains Za<0 go. Thus, [eo] € P (V™) is identified with
wob® € IFH* where b* is the origin of ]FH* Under the identification of IFH*
with the adJomt orbit of the compact group K, the origin is —H,, = woH,,.

We use these identifications to see Fg, x IFHS as the product of the
projective orbits G - [vg] X G - [eo] C P (V) x P(V*). Then, the open orbit
in Fry X Fpy becomes the diagonal G-orbit of ([vo], [e0]) € P (V) xP (V™).
Denote this orbit by G - ([vo], [€0]), that is,

G ([vo] , [0]) = {(pu (9) [v0] , P (9) [e0]) €P(V) x P(V") : g € G}

Now we describe the diffeomorphism between the orbit G - (vo ® €9) C
V @ V" and the orbit G - ([vo], [e0]) C Fa, x Fux C P(V) x P (V™). In
fact, the diffeomorphism associates g- ([vo] , [€0]) = (pu (9) [vo], p}; (9) [0])
to g - (vo ® €0) = pu (g) vo ® p}, (9) 0. We obtain,
Proposition 4.6. Let ® : G - (vo ® €0) — G - ([vo] , [e0]) be the diffeo-
morphism obtained by identification of both orbits with G/Zu, . Ifv®e €
G- (vo ® g0) then ® (v® €) = ([v], [¢]) with inverse ®~* ([v], [¢]) = (v ® ¢).

Proof. Our previous argument already proved this. Nevertheless, it is
worth observing that the maps v® e — ([v], [¢]) and ([v], [€]) = v ® € are
well defined, since v1 @ €1 = v ® € is equivalent to v1 = av and €1 = a” ‘e
which is also equivalent to ([v1], [e1]) = ([v], [¢]). O
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4.3 Isomorphism with T"Fy,

First of all, we recall the isomorphism between the adjoint orbit O(H,,)
and the cotangent bundle T*Fg. Here, H, remains fixed and is charac-
teristic for ©, that is, © = {a € ¥ : a(H,) = 0}.

By the Iwasawa decomposition G = KAN we can write G = K Pg
and the adjoint action of Pe on H,, is given by Ad(Py) - H, = H,, + ng,
where ng = Zrﬁ\(@) go. Thus,

O(H,) = Ad(G)H, = Ad(K)(H, +nd) = | Ad(k)(H, + nd).
keK

The identification of the adjoint orbit with the cotangent bundle is
given by the map that associates to each element of the adjoint orbit
Ad(k)(H, + X), X € nd the linear functional f € (Tws,Fo)* given by
fY)=(Ad(k)X,Y), Y € Tip,Fo.

Proposition 4.7. Let p be a highest weight and vo,eo the generators of

the highest weight space on V' and lowest weight space on V* respectively.
The diffeomorphism between G - (vo ® €0) and T*Fe is given by

g-(vo®eg) = (Y — (Ad(K)X,Y),Y € Ty, Fo), (4.1)

where g = kp is the Iwasawa decomposition, Ad(p)H, = H, + X, and the
flag Fe is determined by H,,.

5 Compactified adjoint orbits

We compactify adjoint orbits O (Ho) to products of flags Fr, X Fpy as
an auxiliary tool to identify Lagrangean submanifolds of the orbits. We
choose canonical complex structures on Fg, and Fyx so that, for an ele-
ment wo of the Weyl group W, the right action Ru,: Fr, = Fpuy is anti-
holomorphic (proposition . Consequently the map Ry, : Fr, — FHS
is anti-symplectic with respect to the Kéhler forms on Fr, and Fg» given
by the Borel metric and canonical complex structures (corollary. We
then obtain further examples of Lagrangean graphs by composites (either
on the left or on the right) of R., with symplectic maps.

5.1 Lagrangean graphs in adjoint orbits

On one hand, O (Hp) can be embedded as an open dense submanifold
in a product of two flags (section [3); on the other hand, graphs of sym-
plectic maps are Lagrangean submanifolds inside the product, due to the
following general fact.

Let (M,w) and (N,w1) be symplectic manifolds. The cartesian prod-
uct M X N can be endowed with the symplectic form wxwy. If p: M — N
is anti-symplectic that is, ¢*w1 = —w then graph (¢) C M x N is a La-
grangean submanifold with respect to w X wi. Similarly, we could use a
symplectic map (symplectomorphism) ¢: M — M taking w1 = —w, which
is also a symplectic form.

With this in mind, to construct an assortment of Lagrangean subman-
ifolds in O (Hp) we use an embedding O (Hop) < F; X F2 into a product of
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flags. Taking symplectic forms w; and w2 on F; and F2 we obtain a sym-
plectic form w; X w2 on F1 x Fy and consequently on O (Hy) by restriction.
If ¢: Fy — Fy is anti-symplectic then graph (¢) and graph (¢) N O (Ho)
are Lagrangean submanifolds of F1 x Fo and O (Hop), respectively. The
intended construction involves, first of all, a discussion about the right
action of the Weyl group.

5.2 Right action of the Weyl group

Let g be a noncompact semisimple Lie algebra (real or complex) and let
G be the adjoint group of g and K C G the maximal compact subgroup.
The maximal flag of g is given by F = G/P = K/M, where P = M AN is
the minimal parabolic subgroup. The adjoint orbit of a regular element
H € a =1logA is given by O (H) = G/MA. The flag F is contained in
O (H) since F is a K-orbit of H.

The Weyl group W is isomorphic to Normg (A) /M A = Normg (A) /M.
We obtain right actions of W on F = K/M (with W = Normg (A) /M)
and on O (H) = G/MA (with W = Normg (A) /M A). Moreover, the
fibrations G/MA — G/Normg (A) and F = K/M — K/Normg (A) are
principal bundles with structural group W.

Example 5.1. Let g = sl(n,R) or g = sl(n,C). Hence, a regular ele-
ment H is a diagonal matriz H = diag{a1,...,an} with a1 > -+ > an.
O(H) = {gHg™" : g € SI(n,R)} (or C), that is, the orbit is the set of
diagonalizable matrices with the same eigenvalues as H. The Weyl group
W is the permutation group of n elements, whereas Normg (A) is the set
of signed permutation matrices (matrices such that each row or column
has exactly one nonzero entry £1). The right action of a permutation
w € W is given by
Ry :gHg ' — guH (g@)71 =g (@Hﬁfl)gfl

where W € Normpg (A) is the permutation matriz that represents w € W.
In this expression for R, the term WHwW ' is the matriz whose diagonal
entries are the same as the ones of H permuted by w in the permutation
group W.

The right action R, of w € W is in general completely different from
the left action of any of its representatives W € Normg (A). For example,
in the case of s1(2,C), the Weyl group is {1,(12)} and the right action of
w = (12) in the flag S* = CP' is the antipodal map. On the other hand,

_ 0 -1
wz(l 0 >€NormK(A)

is a representative of (12). The left action of W has 2 fized points.
The right action of W leaves invariant the induced vector fields:

Proposition 5.2. Given an element A in the Lie algebra, denote by A the
induced vector field on the homogeneous space (G/MA or K/M). Then,
(Rw), A=A for allw e W.

Proof. Indeed, R,, commutes with the flow of Z, which is the left action
of et4. O
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5.3 The K-orbit and graphs

In section[3] we defined an embedding of the adjoint orbit into the product
Fr, X FHg, where FHg is the dual flag of Fg,.

Consider first of all the case when Fy = F is the maximal flag, which
is self-dual. In this flag, the right action of W is well defined. Denote by
bo the origin of F and set by, = Ruybo, w € W.

Let wo € W be the principal involution (element of largest length as
a product of simple reflections). The embedding of O (Hy) is given by
the G-orbit of (bg, buw,) under the diagonal action g (x,y) = (gz, gy). This
G-orbit is identified with the adjoint orbit O (Ho) = G/M A for any Hy
regular and real. Let K be the maximal compact subgroup of G (real
compact form in the case of complex G).

Proposition 5.3. For w € W, the K-orbit of (bo,bw) by the diagonal
action coincides with the graph of R..

Proof. Take ¢ = k-by € F, k € K. Then, Ry, (z) = Rw(k-bo) =
k- R (bo) since the left and right actions commute. Thus, (z, R, (2)) =
(k- bo,k - Ry (bo)) = k - (bo, bw) belongs to the K-orbit of (b, by). Con-
versely, an element of the orbit k- (bo, bw) = (2, Rw (z)), x = k-bo, belongs
to the graph of R,,. O

Remark 5.4. In the case when w = wo is the principal involution, the
K-orbit of proposition corresponds to the zero section of T*F when
O (Hy) = G/MA is identified with the cotangent bundle. This happens
because the origin G/M A gets mapped to Ho € O (Ho) and the K-orbit
of Hy is identified to the zero section. On the other hand, the origin of
the open orbit G - (bo,buwy) € F X F is (bo, bw,), so that its K-orbit gets
identified to the K-orbit of Ho.

Remark 5.5. It follows directly from proposition [5.3 that the graphs of
right translations R.,, w € W, are contained in the diagonal G-orbits
and consequently are compact inside these orbits. This does not happen
with left translations, not even by elements of Normpg (A), which represent
elements of the Weyl group.

5.4 Example

For sl(2,C) the flag is CP' = S? and W = {1, (12)}. The right action of
R(12) on 52 is the antipodal map. Another way to see this right action is to
identify CP" with the set of Hermitian matrices with eigenvalues £1 (the
adjoint orbit of the compact group SU (2)). This identification associates
to a Hermitian matrix the eigenspace associated to the eigenvalue +1.
In this case, if £ = ((z,y)) € CP' then R(1s) (£) is the eigenspace of the
Hermitian matrix associated to the eigenvalue —1. That is, R(12) (&) is the
Hermitian orthogonal £+ of &, which is generated by (=7, Z) if € = ((x,y)).

Consider now the cartesian product S? x S? with the diagonal action
of G=1S1(2,C): g(&,n) = (g&,gn). There are 2 orbits:

1. the diagonal A = {(€,€) : £ € §?} and
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2. and open and dense orbit {(£,n) : &1 € S, & #n}. As a homoge-
nous space of G this open orbit is given by G/M A where M A is the
Cartan subgroup of diagonal matrices. Thus, it can be identified
with the adjoint orbit of

1 0
-1 ).
The right action R(12) on G/MA admits good descriptions in terms

of the identifications with the adjoint orbit Ad (G) Ho and with the open
orbit G -0 in S% x S2. They go as follows:

1. If A € Ad(G) Ho then R(3) (A) is the unique matrix 2 x 2 with
eigenvalues +1 which has the same eigenspaces as those of A, but
with the order of the eigenvalues switched.

2. If (&§,m) € G- o then R(13) (§,m) = (n,§), since in the first case the
order of the eigenspaces is switched.

5.5 Hermitian structures and symplectic forms

Suppose here that g is a complex algebra and take a Weyl basis X, € ga.
The real compact form u is generated by Aq = Xo —X_o and Z, = iSq =
1 (Xo + X_a) with @ > 0. If uy = span{Aa., Zo} then the tangent space
at the origin by, of Fg, is isomorphic to

THO = Z Un

a(Hp)>0

via the isomorphism

= d
Y € Ty, — Y(bHO) = — (ety . bHO)‘

i S TbHOFHO'

The canonical complex structure J on Fpg, is invariant by the compact
group K = expu and at the origin of the subspaces us, a > 0, it is given
by

JAo = Zo JZ0 = —Aq.

If w is a representative of w € W. Then the tangent space to wHy is
identified with
T'LEHD = Z %Y
a(@Hp)>0

and the canonical complex structure J, on Tzx, is given by
JAo = Zao JZo = —Aa

with A, and Z, under the caveat that we take roots a such that o (wHp) >
0 (which are not in general positive roots).

Every K-invariant Riemmannian metric on Fp, is almost Hermitian
with respect to J (see [7]). In general, the corresponding Kéhler form Q is
not closed and consequently not symplectic. However, the K&hler form is
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symplectic for the case of the Borel metric (-, -)B, which is the K-invariant
metric defined at the origin by (ua,1a)? = 0 if o # 8 and satisfying

(Ao (#0) Au (H0)) | = (Zo (Ho) o (H0)), = ax(Ho)

Ho

(Za (Ho) , Zn (HO))E0 =0

if a(Hop) > 0.

This description of the Borel metric also holds at other points of
Fu, = Ad(U) - Ho. For example, the tangent space at Ad (w) - Ho is
Za(u}-H0)>0 uo and the metric at u, is given by the same expression pro-
vided a (w - Hp) > 0.

Proposition 5.6. The map Ruy: Fu, — FH; is an isometry of Borel
metrics.

Proof. Since R, is equivariant by the left actions on Fr, and Fx; and
the metrics are K-invariant, it suffices to verify the isometry at the origin.
Equivariance also also implies that (Ry,), A = A. Thus, for z € Fg,

~ ~ B ~ ~ B
((@Ru), A(@), (ARuy), B@)) = (A(Rug (@), B (Ruy (2)))
Ruyg () Ruyg (z)
At x = Ho € Fu, we have Ry, (Ho) = woH" = —Hy. Now, if a (Hp) > 0,
then
~ ~ B
(Aa (Ho), A (Ho)) = (Ho)
Ho
and the second term of the previous equality for A = B = A, is
~ ~ B
(Aa (—Ho) 5 Aa (_HO))H = —« (—H()) =« (H()) .
0
The same holds true for Z, corresponding to any root a with o (Hop) > 0,
S0

B

(@) sy A (Ho) , (dRu) , B(HO)) "

= (A(Ho) . B (H))

Ho
for arbitrary A and B. This shows that R., is an isometry. O

Having obtained the isometry R, its holomorphicity provides us with
the symplectic isomorphism.

Proposition 5.7. The map Ruw,: Fu, — Fuy is anti-holomorphic with
respect to the canonical complex structures on Fru, and Fp.

Proof. Let wo be a representative of wo such that Ad (wo) Hy = —Hp and
denote by Jo and Ju, the complex structures on T Fr, and T_p,Fuy,
respectively. Take a root o with a (Hp) > 0, that is, (—a) (—Ho) > 0. We
have

Jo (Aa (HO)) =Za(Ho)  Jo (Za (Ho)) — A, (Ho)
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since a (Hp) > 0, and

o (Ao (=H0)) = =Ty (Ao (~Ho) ) = ~Za (~Ho)

Ty (Za (fHo)) = —A_o(—Ho) = Ay (—Ho)

since (—a) (—Hop) > 0.
On the other hand, (R.,)

Ay = Za and (Ruw,) Zl = Za. Therefore,

* *

T ((deO)HOEa(HO)) = Jug (ﬁa(fHo)):fZa(fHo)

Juo ((@Ro) g, Zo (Ho))

Juo (Za (= Ho)) = Aa (~Ho)
whereas
(deo)Ho Jo (ga (HO)) = Za (—Ho)

(dRug) 1, Jo (Za (Ho))

—Aa (—Ho)

which shows that R, is anti-holomorphic at the origin, and consequently,
on the whole flag by the invariance of the complex structures. O

Corollary 5.8. If k € K then the composites Ry, o k e k o Ry, are
anti-holomorphic.

Corollary 5.9. Let Qn, and Quz be the Kdhler forms of the Hermitian
structures on Fu, and Fyx given by the Borel metric and the canonical

complex structures. Then R, is anti-symplectic, that is, RZOQH{; =
—Qn,.

5.6 Hermitian structures on products

The product Fr, X Fu; is a flag of the product G x G associated to
(Ho, H{), that is, Fu, x Fry = IF( ) This flag has Borel metric and
invariant complex structures.

The adjoint orbit O (Hp) is identified to the orbit G- (Ho, —Ho) by the
diagonal representation (recall that —Hy € Fpy since Ad (wo) Hy = —Ho
if wo is a representative of wp). The adjoint orbit O (Ho) has a complex
structure inherited from the inclusion into g. On the other hand, the
graphs considered above are Lagrangean with respect to a symplectic form
defined from the complex structures of the flags. Hence, to continue our
analysis we must compare these different complex structures.

We take b x h as a Cartan subalgebra in g x g. The roots of h X b are
those of h in each component and the root spaces are of the form go x {0}
or {0} X ga.

The tangent space T<H0,,HO)IF(H

Ho,H

0. H3) is generated by (Aq,0), (Za,0),

(0, Ae) and (0, Z,). To obtain these generators, we can take the positive
roots a > 0. Here, if o is a positive root, then a (Hp) > 0 but a (—Hp) <
0, determining a difference between the complex structures of the first
and second components.
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In fact, if @« > 0 and (u x u)_, denotes the space generated by the
4 vectors above, then the canonical complex structure on (uxu), C

T(Hov*Ho)F(HO,H(’;) is given by

J (Aa,0) = (Za,0) J(Z4,0) = — (Aq,0)

T(0,A0) = — (0, Z0) (0, 20) = (0, Au). (5.1)

Remark 5.10. These expressions show that the canonical complex struc-
ture on ]F(H0 Hy) = Fr, x Fuyx is the product of the canonical complex

structures on Fr, and Fy .

Another basis of the tangent space T\, —my)F (Ho Hg)is given by:

()?,a (Ho) ,o) , (f)?,a (Ho),O) , (o,f(a (—Ho)) , (o,ﬁca (—Ho))
with « running over the positive roots. These satisfy

J ()?_a (Ho) ,0) - (5(_& (Ho) ,0) J (5(_& (Ho) ,0) - ()?_a (Ho) ,0)

J (o,)?a (—Ho)) _— (0,5@ (—Ho)) J (0,5(& (—Ho)) - (0,)~(a (—HO)) .
(5.2)

Using these calculations we obtain the following statement.

Proposition 5.11. Let J™ and J be the following complex structures on
0 (H()) ~ G . (I‘I()7 7H0).'

1. J™ is the complex structure on O (Ho) C g inherited from g

2. J is the complex structure on G-(Ho, —Ho) obtained by restriction of
the complex structure on Fu, X Fuy, defined at the origin by .

Then J® = —J.

Proof. 1t suffices to verify that equality holds at the origin, since both
complex structures are G-invariant. The tangent space to O (Hp) at the
origin is generated by W (Ho) = [W, Ho] with W in g+o and a running
over all positive roots. If W € g_a, a > 0, then W (Hp) is “horizontal
” in the identification with G - (Ho, —Ho) whereas w (Ho) is “vertical” if
W € ga, a > 0. For the complex structure on g we have X, +— ¢ X, and
iXo — —X4o. Thus the complex structure J'™ is given in the product by

g ()?,a (Ho) ,0) - (ﬁ(,a (Ho) ,0) Jin (ﬁ,a (Ho),o) _ (55,& (Ho) ,0)

g (0,5(& (—Ho)) - (o,f)?a (—Ho)> Jin (o,ﬁ?a (—Ho)) S (o,)?a (—Ho)) ,
which is precisely the negative of (5.4). O

Let (-,-)” be the Borel metric on Fg, x Frs = F( If follows

Ho,Hg )"
immediately from the definition that (-,-)” is the product of the Borel
metrics on Fg, and F HE -

This metric together with the canonical complex structure J, define a
Hermitian structure on Fg, X F HE which is invariant by K x K (compact
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group) but is not invariant by G X G, because the metric itself is only
invariant by K x K. This Hermitian structures restricts to a Hermitian
structure in the open orbit G - (Ho, —Ho) ~ O (Hyp), which is invariant by
the action of K (but not by that of G). Denote by Q(-,-) = (-, J (-))” the
corresponding Kéahler form, which is a symplectic form. Since (-,-)" is
the product metric and J the product complex structure, it follows that
Q is the product of the Kéhler forms in Fpy, and FHg-

6 Lagrangean graphs in products of flags

By corollary the map Ruw,: Fu, — Fgx is anti-symplectic with re-
spect to the Kéhler forms on Fr,, and Fuy given by the Borel metric and
canonical complex structures. Therefore, graph (R.,) is a Lagrangean
submanifold of the product symplectic structure. We now obtain further
examples of Lagrangean graphs by composites (either on the left or on
the right) of R, with symplectic maps.

Example 6.1. If ki, k2 € K then the induced maps ki: Fg, = Fu, and
ko: FHg — IFHg are symplectic. Therefore, k10 Ry, ok2 is anti-symplectic,
hence its graph is a Lagrangean submanifold of Fr, X Fu: = F(HO,H{;)'
Such graph is not contained in G- (Ho, —Ho), nevertheless its intersection
with the orbit is still a Lagrangean submanifold (noncompact if the graph
s not contained in the orbit).

The tangent space T(4, ¢(x))8raph (¢) is given by the vectors (u, dp. (u)).
For maps k o Ry,, with k € K, the tangent spaces admit the following
description in terms of the adjoint representation.

Proposition 6.2. Let k € K. The tangent space to graph (ko R.,) at
(z,y) = (x,k 0 Ry, ()) is given by
{(A,Ad (k) A)™ (z,k o Ru, (z)) : A €u}

where (A, Ad (k) A)™ is the vector field on Fu, X Fuy = IF(
by (A,Ad (k) A) € ux u (u = Lie algebra of K ).

Ho, H{) induced

Proof. If A € u then (Ru,), A = A, thus (dRwy), (g(m)) = A (R (z)).
Applying dkg,, () to this equality we get
(@0 Rug), (A(2)) = dkn,w (A (R (@)
— Ad(K) A (ko Ru, (2)).
It follows that the tangent space to the graph is (A (z), Ag(\l;)/A (k o Ru, (m))) .
But the action of K x U on Fg, X FHg works coordinatewise. Hence
(A(2), Ad (k) A (ko Rug () = (4, Ad (k) )" (2, k 0 Ru, (2))

which completes the proof, because the vectors ﬁ(m% A € u, exhaust the
tangent space at x. O
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In conclusion, we have described the following families of Lagrangean
submanifolds of the adjoint orbit O (He) = Ad(GQ) - He = G/Ze:

Theorem 6.3. For ki, ks € K and form € T:

e graph (k1 o Ry, o k2) corresponds to a Lagrangean submanifold of
O (He), and
e graph (m o Ru,) corresponds to a Lagrangean submanifold of O (He) .
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