Moduli Stacks of Bundles on Local Surfaces

Oren Ben-Bassat and Elizabeth Gasparim

Abstract We give an explicit groupoid presentation of certain stacks of vector bun-
dles on formal neighborhoods of rational curves inside algebraic surfaces. The pre-
sentation involves a Mobius type action of an automorphism group on a space of
extensions.

1 Introduction

A fundamental question in algebraic geometry is to understand how rational maps
on a variety X affect the moduli of vector bundles on X, that is: suppose X and Y bi-
rationally equivalent, then what is the relation between the various moduli of vector
bundles on X and Y ? Here we focus on the case of surfaces, in which case rational
maps are obtained by blowing up (possibly singular) points. Suppose 7: ¥ — X is
the blow up of a point x in X, with £ = 7! (x). Considering pullbacks, one can then
study the relative situation of the moduli of vector bundles on X mapping into the
moduli of vector bundles on Y. Since 7 is an isomorphism outside ¢ clearly the heart
of the question lies in the geometry of moduli of bundles on a small neighborhood
of £. This question was addressed from the point of view of moduli spaces of equiv-
alence classes of vector bundles in [G4] for the case when x is a smooth point, and
the geometry of the local moduli was used to prove the Atiyah—Jones conjecture for
rational surfaces. In this paper we consider the moduli stacks of vector bundles in
formal neighborhoods of ¢, and give explicit groupoid presentations of such moduli
stacks. The stacky point of view, besides clarifying several delicate issues about the
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local moduli also has the advantage that it generalises to the case of singular sur-
faces, where / is a line with self-intersection £> = —k < —1. We develop the study of
stacks of bundles on (completions of the) local surfaces Z; = Tot(&(—k)) and give
presentations of certain stacks of rank 2 bundles over these surfaces. The most inter-
esting aspect of these presentations is the “Mobius” transformation (17) discussed
in 2.3.

2 Local surfaces and vector bundles on them

Notation 1 In this paper we will work with (associative, commutative, unital) C-
algebras. Therefore, affine scheme will mean the spectrum of such an algebra, and
all varieties, schemes, and formal schemes are considered over C. We will work
over the site of affine schemes or C-algebras with the faithfully flat topology. The
schemes we will consider are quasi-compact and quasi-separated. For any positive
integer k, we have the algebraic variety

Zy, = Tot(Opi (—k)) = Specp (é Opi (ik))

i=0

and ¢ =P its zero section, so that 1> = —k. Let I, be the sheaf of Oy, ideals defining
L. We write Z,En) for the n'™ infinitesimal neighborhood of ¢ and Z\k = Z,Ew) for the
formal neighborhood of € in Z. Z = (£, lim, 0y /1}) is the formal scheme given
as the formal completion of Z; along L. It is a (an inductive or direct) limit in the
category of ringed spaces over P'. There is a presentation

ze=(ulv)/~

where we will always use the charts U = C* with coordinates (z,u), and V = C?
with coordinates (&,v), with U NV = (C —{0}) x C where the equivalence relation
~ is given by the change of coordinates (& ,v) = (z~1, z*u). Note that the zero section
L is given in these coordinates by u = 0 in the U-chart and v = 0 in the V-chart. It
is easy to see that Iy = O'(k). In fact, I; is the line bundle associated to the divisor
—{ and since u = E*v,

div(u) =L+ kf

where f is the fiber defined by & = 0. We similarly have
U™ = Spec(Clz,ul/("*"))

and
Vi = Spec(C[E,v]/ ().

As above, we have
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Z/E”) — (U(") Uv(")) [~
and

where U and V are the formal scheme completions of U and V along /.

Remark 1. Unless we explicitly state that n is finite, in each usage of the spaces Z;
we are including the case that n = oo,

These presentations are helpful for describing vector bundles. For instance by the
answer to Serre’s famous question (proved by Seshadri [Se] and in further gener-
ality by Quillen [Qi] and Suslin [Su]), U = Spec(C|z,u]) has no non-trivial vector
bundles; similarly this is true for U™ and U by Theorem 7 of [Co]. All the schemes
we have mentioned up until now are Noetherian and Zc is a Noetherian formal
scheme. If T is an affine scheme such that Pic(T) is trivial then

Pic(Z x T) ~ Pic(Z\") x T) ~ Pic(P' x T) ~ Pic(P') ~ Z;

we will use the symbol O'(j) for the line bundle with first Chern class j coming from
P! in any of these spaces. If E is a rank 2 vector bundle of first Chern class zero on
Z,En) then the splitting type j > 0 of E is the integer such that the restriction of E to {
is isomorphic to O(j) ® O(—j). For a vector bundle on Z,E”) x T we say that it has
constant splitting type j if its splitting type is j over everyt € T(C).

For our explicit presentations of stacks, we will need the following basic results
about rank 2 bundles on Z,E").

Lemma 1. Let S be any scheme over C and E a rank 2 vector bundle on Z,En) xS of

constant splitting type j > 0. Then for any s € S(C) there is an open subscheme T
(n)

of S containing s and such that the restriction of E to an
an extension

x T has the structure of
0—0(—j)— E|Z,E")xT — 0(j)—0.

Proof. By [G1] Theorem 3.3. E |Z(") «{s} °an be written as an algebraic extension
k

}
0—0(—)) _>E|z,£”)x{s} — 0(j)—0

where j > 0. Consider the leftmost injective map as a nowhere vanishing element

of the space of global sections H” (Z,E") x {s},E |Z(,1)X ) ® O(j)). The pushforward
k

75 (E|oxs ® O(j)) is a vector bundle on S and we have chosen a non-zero point in

the fiber over s. Choose T’ open in S and containing s and an extension of the above
section to an element of

HO(T', (75 (Epxs ® O())))|77) = HO(U X T E 7 @ O )
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such that this chosen global extension does not vanish on £ x T’ and hence does

not vanish on Z,E") x T', and passes through our chosen element of the fiber over s.
This gives us an injective map of constant rank leading to a short exact sequence on
Z(”) X T/

k

0—=0(=j) > E,m , —+L—=0

k

where L is a line bundle on Z,£"> x T isomorphic to &(j) over every geometric point

of T'. By the see-saw principle there is a T open in 7’ and containing S such that
the restriction of L to Z,gm x T’ is isomorphic to &(j). Therefore the restriction of
the above short exact sequence to Z,E") x T gives the desired result.

Remark 2. An alternate approach to the Lemma 1 is to start with any vector bundle

which has nowhere zero map of &(—j) to E over ¢ x T for some affine scheme T
and use the fact that H! (¢ x T, I}, ) = 0 for m > 0 to extend this map order by order

to a map over Z,E”) x T which must be nowhere zero.

Lemma 2. Let T be an affine scheme and E an algebraic extension of ﬁz('” T mod-
k

ules

0—=0(—j)—E—0(j)—0,
over Z,i") x T which splits over £ X T for j > 0 then, in the chosen coordinates E
can be described by a transition matrix of the form

7 p
0z

p= Y pidd (1)

and p;; € O(T).

Proof. A Cech cohomology calculation (performed in Theorem 3.3 of [G1]) shows
that

_ Cle, 2" ul/(u™)

~ ICE T Ful/(Fuy ) + ICE, ]/ ()

Extl, (0()). 0(~1)

by flat base change for the diagram
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and the Leray spectral sequence for T ) We have
k

Eth (n)
Z, ' xT

(% O (), O(=1)) = H' (2 < T,7 1 (6(=2)
k k k

= H(T,R' w7, (0(=2)))) = H(T,0r o H' (", 6(=2)))) ()
k

=H T, 0r® Ext%n) (0();0(=1)))-

Remark 3. As a consequence of the above two Lemmas 2 and 1, we see that any
rank 2 vector bundle on Z,E") x T (or ZAk x T') takes a special form locally on 7" and
in this form it is clearly the restriction (completion) of a vector bundle on Z;. The

theorem on formal functions implies then that

—

Exty, .7 (V,W) = ExtiZAkxT(V,W).
Notation 2 Let
N = {0 ki~ j+1<1<j—1 and 1 <i<min(|(2j—2)/k],n)}.

Consider the algebraic variety over C
Wi = spec ([ pir | (D) EN)). 3

For any fixed j,k it remains finite dimensional even for n = oo. If we pass to the C
points then we get

W(C) = {p € Bxt, (0()), 0(~))) | pli=0}.
k
Let A
= b & Cut c oUW V). @)

of course R;",E is the set of C points of Wj(;() but we distinguish them because of the

(n)

different notions of automorphisms of R§",3 and Wik

Remark 4. Note that in our chosen form of transition matrix from equation (1) we

have explicitly chosen p € R ik

Definition 1. Consider the open cover {U") x Wj(',?,V(”) x W].(',?} of Z,E") X Wj(f;().

We define E, sometimes called the big bundle, to be the bundle

E

I

z" xw ],(7',1)
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on Z; x Wj(',? defined by transition matrix

2/ )~ (n 0 .
(0 ij) e HO(U™ v ) x W), ot ur(0°2)).

Let T be an affine scheme and p a morphism from T to W;f;(). We denote by E,, the

bundle (also described in Lemma 2) given by the pullback (idzlin) ,p)"E of E via the
map

(idz(n) P )

ZWxr B 2w

n
J»

Lemma 3. [BGK, thm. 4.9] On the first formal neighborhood zW , two bundles E
and E' with transition matrices

7/ Pi1 b2 P/1
(O zj> and (O 7/

respectively are isomorphic if and only if p| = Ap; for some A € C*.

Remark 5. Tt follows from this lemma that the coarse moduli space of bundles

on Z,E” coming from non-trivial extensions of &'(j) by &(—j) is isomorphic to
PRi—k-2.

Example 1. On higher infinitesimal neighborhoods we need to consider far more
relations among extension classes then just projectivisation to obtain the moduli of
bundles. The simplest of such examples occurs in the case when k =1 and j = 2, so
that our extension classes have the form

p=(p1o+pri2)u+ prizu*.

The set of equivalence classes of vector bundles is then C? / ~ where the equivalence
relation is generated by

(P10, P1,1:P21) ~ (AP1,0: Ap11,APS 1) if (P1o.p11) # (0,0), A #0,
(0,07P2,1) ~ (OaOaAPZ,l), )L 7& 0.

Note that p’ | is does not depend on p, and that the quotient topology makes the
entire space the only open neighborhood of the split bundle, which is the image of
the origin in C3.

2.1 Stacks of vector bundles

We now define the stack of bundles 9 (Z,En)), the main object we seek to understand
in this article.
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Definition 2.
Mm; (Z,E")) : Schemes — Groupoids
given by
T — Hom(T, ("))
where

ob(Hom(T, 9 j(Z,En))) = {rank 2 vector bundles on Z,En) x T which have
splitting type j and first Chern class O for every  (5)

restriction to Z,E") x {t},t € T(C)}

and
mor(Hom(T,9%;(Z"))(Vi,Va) = Isom(Vy, Va).

This is a stack [Lau] with respect to the faithfully flat topology on schemes (C-
algebras). Notice that there is automatically a universal bundle & over Z,E") X
M;(2\"). We can similarly define the stack 9;(Z). We similarly have the stacks

E)JI(Z,i")) of bundles where we drop the condition on splitting type.
There is an inverse (or projective) system of stacks of finite type over C:

ooy (2P) 5 my(27) - my2Y) - o 20) = om (P (6)

whose inverse limit in the category of algebraic stacks is 90T J(ZAk) Alternatively we

can consider the inverse system 9T j(Z,E') ) to be an pro-stack of pro-finite type. This
type of approximation is studied in [Ry]. It seems difficult to compute invariants of

the stacks I j(Z,En) ) using only the definition above so we will find a more explicit
description below.

2.2 The structure of vector bundle isomorphisms

Consider the bundles E, defined in Definition 1. There is a exact sequence

00— Hom(Ep’Ep/) %End(ﬁ(_J) D ﬁ(])) —

Ext' (0(=j)® 0()), (=) ® 6(j)) — Ext' (Ep, Ey) — 0.
(M

We now explain the structure of isomorphisms between families of bundles coming
from extensions by constructing an explicit splitting for the first non-trivial map in

this sequence. If the bundles £, and £, on Z,E") x T, given by maps

(n)

p:p i T =R



8 Oren Ben-Bassat and Elizabeth Gasparim

are isomorphic (see equation (4)) then necessarily they have the same splitting type,
and in such case we can represent them by transition matrices on

WAV xr

7 p 7y - i
by (0 - j) and <0 - j> respectively. An isomorphism between E), and E, is

given by a pair of invertible matrices

_ (au bU
A= ()
ay by
Cy dv
regular on v T, such that:

Zp\ (P
B(O zf) - (0 o)A ®
or equivalently

g (¥ P \A(7 P\ _ (w+Pew by +2 (p'dy —ayp) - pp'cy
~\0z7/ 0 2 ) 7 ey dy —z ' pcy ’

regular on U x T and

B

)

Definition 3. We use the notation Y to denote the terms in ¥ € &'((U WAy x
T) that are not regular on V") x T and Y*+>2/ denotes the terms in ¥ that are not
regular on V") x T and have power of z greater than or equal to 2;.

Lemma 4. Suppose that j > 0. Then any isomorphism (A,B) between E,, and E,y
on Z,E") x T has the form

(A,B) = (My,My) + (Py (M), Py (M)) (10)
where
M= My, My) € Aty (0() @ O(=])).
a b
Mo = (CU ‘7>
and

o) (~CPew)t = (& (pd—ap) —ppley)
’ - 0 (Zijpgu>+

depends only on p,p’ and M and satisfies

(0(), 0(=J))- (11)

B B _ 1
[p'd—ap—z"'pp'cy] 0CExtum o



Moduli Stacks of Bundles on Local Surfaces 9

Proof. First suppose that such an isomorphism exists, between E, and E,,. Then we

have o )
PN, p(?p_
<0 Z_j)A B(O iy =0. (12)

The left hand side comes out to be

<p/CU+(§lU—aV)Zj dUp/favp+Z-ibU—Zjbv> (13)

cyz ) —cy! 77/ (dU — dv) —cyp

The lower left corner of (13) implies first of all that ¢ must be a section ¢ of &(2j).
We need to arrange for the vanishing of all terms in (13). Therefore, we need to
solve the equations:

ay —ay =—z"p'cy

Zij —Zijbv = —dyp' +ayp

dy —dy = Zcyp.

Becasue H' (Z,E”) x T, 0) vanishes, the first and third equations have solutions which

are unique up to global functions. Let

ay =a— (Zijp/gu)+

and .
dy =d+(Zeyp)”.

These solve the first and third equation. If we substitute into the second equation, it
reads

by —77by = —(eyp) P+ (— (7 p'ey) T 2P ey)p—dp’ +ap (14)
=—dp' +ap+z'pp'cy.

This implies that
[p'd—ap—z7pp'ey) =0 €Exty, (0(j),0(=)).
k

Conversely, suppose that these conditions are satisfied by some a, d, ¢, p, and p/, let

us record the general form of an element of Isom_ () XT(E p,Ey). It remains only to
k

determine the expression for by . By the assumptions we already know that

; 1,<2j
(Z/(p'd—ap)—pp'cy) ™"

is regular on V") x T Hence

_9; P >27
by =by —z 2 (J(p'd—ap) — pp'ey) = .
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Finally, since u divides p and p’, we know that A is invertible if and only if My is
and therefore the isomorphism (A, B) is invertible if and only if the automorphism
M is invertible.

Remark 6. We conclude that the expression of the element (A, B) of Hom(E),E,y)
under the decomposition (43)

Hom(E,, E,7) = Hom(6(j), 0(~ ) ® ¢ (ker(d; ")) @ yi(ker(dy ")

from the appendix is satisfied if we take b € Hom(&'(j), 0(—j)),

vy (c) = (_(ZjP/CU) 2 (pp'ey)™ >2f)

Cy (z JPCU)

and

ou(a,d) = (g —72 (Zj(plj_ap))+,>2j> |

2.3 Bundle isomorphism viewed as an equivalence relation

Although we have worked out the structure of the space of isomorphisms between
two given bundles, this does not yet give a criterion for when two bundles are iso-

morphic nor does it provide any understanding of the equivalence relation on W( )

given by isomorphisms of vector bundles. We show that there are algebraic groups

G§,3 acting on w! k) so that the orbits of this action are identified with the equiva-

lence classes. This action (17) takes on the familiar form of a Mobius transforma-
tion. Lange studied in [L] (see also Drézet [Dr]) the question of universal bundles
over the projectivized space of extensions. In a specific example we study here a
more difficult problem, the difference being that we do not remove the origin and
we consider all vector bundle isomorphisms, not just those that correspond to scal-
ing the extension. First we need to define the structure of a scheme on the sets
Autz,i”) (O(j)® O(—))) for n finite.

Definition 4. Consider the functors from schemes to sets given by

T Auty  (0()® O(-)).

These functors are C-groups (sheaves of groups in the faithfully flat topology
on schemes) and are easily seen to be representable by reduced schemes. These
schemes are in fact affine, being defined inside the finite dimensional affine space

Endzén)(ﬁ(j)@ﬁ(—j))



Moduli Stacks of Bundles on Local Surfaces 11

defined with coordinates as in 8 as the complement of the pre-image of 0 by the
morphism

detg - End 0 (0()) & 0(~])) = 0(z") = Spec(Cls)).

sending s to the restriction of the determinant to £. When we pass to C points we get
the standard determinant followed by restriction to ¢

dety Endzlgw(ﬁ(j) ®O(—)) = ﬁ(zlgw) N ﬁ’(z}EU)) =C.

We denote these finite dimensional algebraic groups by G\ ,2 These form a directed

system of C-spaces (sheaf of sets for the faithfully flat topblogy on the category of
C-algebras) and their direct limit as a C-space (see [BL1] for this yoga) is repre-
sentable by an infinite dimensional algebraic variety,

.
Gy = Gj’,j

which has Aut (., (O(j)® O(—))) as its underlying set of C-points. In fact, (,;Tk is
X
an infinite-dimensional algebraic group. The sequence G;',Z

® = G = GY) = Autp (0(j) ® 6(- ) (15)

j’k—>G

is an pro-finite-type pro-scheme. We often write elements of Hom(7, Gg.nlz) as ma-
trices. B

Consider the following direct sum decomposition of the vector space of functions

1% (n)(U(n>ﬁV(")):ﬁ (n)(U(")ﬂV(n)Y@ﬁ (n)(U<")ﬁV(n))gogd@ﬁ (n)(U<n)ﬁV(n))<
% % % %

where the sector named “good” corresponds to the terms appearing in Lemma 1,
and also '
Z/ﬁz(n><U(n) nvm)y=c owvm)
k

and

Z*iﬁzm) W nyvmy- c owm)

k
q —dgood = q> +q<~

As in equation (8) we write elements of

Hom(T.G\")) c H(Z{" x .02 @ 0(2j) & 0(~2)))

ab
g—<cd>- (16)

in the form
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with b = (b, by ) and by; holomorphic on U (n) % T, ete. First of all notice that the
group Hom(7, GE",Z) acts on the functions p on U™ NV x T which vanish on the
zero section by the formula '
ap—z2'b
gp = df/l]
a—z'pcy
A special case (where b and ¢ are taken to be zero) of this action was observed
for general varieties and bundles in [Dr]. For n finite, such functions vanishing
on ¢ belong to uClz,z~!][u]/(u™"), in the case n = o such functions belong to

uC[z,z7"][[u]]. The action p +— gp does not preserve the finite dimensional space

A7)

Ri."lz which was written in (4). This means that we need to somehow correct the

morphism (g, p) — gp. This will happen in the next definition.

Definition 5. Define a morphism

ap—7by ap—2by \~ ap—zby \~
(g;p)—>rgep= —— = ~ o B
d—z7pey d—z7pey d—z7pcy

B ( ap—by )
d— Z_jng good
This morphism will become one of the structure maps of a groupoid (see equation

(40)). It is not the action of a group.
Consider

(18)

_ (2= & pey)t by == (I (e p)d —ap) = plgepley)
A7) < cy v d+(zcy(gop))* U >(19)

_ (a+(pey)*t by + (& (g0 p)d—ap) — plge p)ey) =Y
aup) = (€ e b e ) ) e

They are regular over U ) % T and VW x T respectively because they satisfy
(Ag(p),By(p)) = (My,My) from Lemma 4 in the case that p’ = ge p. That is to

say, they satisfy ) )
7/ 7/ ge
w3 2)- (e

and so the pair (Ag(p),B¢(p)) provides an isomorphism between E,, and E,.,. We
have shown the following Lemma.

Lemma 5. There is a morphism
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Il

(n)
Gy xR

(g;p)—gep (22)

such that for two bundles E), and E,; of constant splitting type j,

tsom o) (Ep.Ey) = {g € Hom(T, G") | gep=p'} o
= {g € Hom(T, nglz) | 11 is satisfied}.

Consider the isomorphism

(Ag1 (&2 .p)Agz (p)7Bgl (&2 ‘p)Bgz (P))

between E), and Eg1°( . In Lemma 4, we defined an element

g2%p)
gl ‘ng € GY’[’E(C)

such that this isomorphism equals (Agje,g,,Bge,s,)- Similarly, the isomorphism
(Ag(p)~',By(p)~") between Ega, and E,, corresponds to a an element

g ecl(C). (24)
From here it is clear (since both A, (p) and B, (p) are the identity matrix) that
Gik Gik
gop8 ™ =eqm =g " epe (25)
Js

n)

Definition 6. Define g; o, g> and ¢ Yr to be the elements of GS_k (C) correspond-
ing via Lemma 4 to the isomorphisms (A, (g2 ® p)Ag, (p),Bg, (82 @ p)B,,(p)) and
(Ag(p)~',Be(p)~") described above.

The elements g; e, g> vary algebraically with g; and g> and give a morphism of
schemes W) o )y
Gip X G xWie =Gy

(81,82,P) — g19p 82

The restriction to p = 0 in Wj(r,? gives us back the standard multiplication but in
general this structure does depend on p.

Therefore by definition we have

By, (829 p)Bg, (p) =Bgie,0 (p)- (26)

(and also Ag, (g2 @ p)Ag, (P) = Agje,g, (P)). An immediate consequence of this to-
gether with (21) is
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gie(g20p) =(g19,82)®p, (27)

and we also have

B(g1(qsups2)epss (P) = Baio(y.u00(83 0 P)Bey () = By, (820 (830 )) By, (83 0 P) By (P)

= By, (g20(g3® P))Bgz-pga (p) = Bg1~p(g2°pg3) (p)
(28)

and similarly for A,(p). Because every isomorphism (A, B) which takes one of our
chosen transition matrices corresponding to a bundle £, to another transition matrix

of the same form corresponds (7) to a unique g € Hom(7, Gi",z) we conclude that

(819(g50p) 82)®p 83 =219, (829, 83)- (29)

This will be used to verify the associativity of the groupoid structure. A direct in-

spection of (18), (19) and (20) shows that identity matrix e satisfies
ok

e mep= 30
Gner=r (30)

for any p and corresponds to the identity map from E,, to itself. Therefore we of
course have

€ 8 =8 =8%peqmn €2))
Js Jok

for any p.

3 An explicit groupoid in schemes

In this section we describe an explicit groupoid in schemes and show that its associ-
ated stack is isomorphic to the stack of rank 2 vector bundles of splitting type j and

first Chern class O on Z,Em.

3.1 Review of groupoids in schemes and their sheaf theory

We begin with a review of the definition of a groupoid in schemes and the notion of
a sheaf on a groupoid in schemes. Recall that a groupoid

Y = (A,R,s,t,m,e,1)

in schemes consists of schemes A (the atlas) and R (the relations), morphisms
s, t,m,e,1



Moduli Stacks of Bundles on Local Surfaces 15

R<‘—A (32)

R, X4 R —"=R

and

R—'>R

which satisfy some conditions which we write below. Here
R; x4ssR= {(rl,l"z) €RX R|t(r1) = S(rz)}.

Let py, p> be the first and second projections

R xa R R
and let A be the diagonal
RxR<*R.
The morphisms then must satisfy
mo (m,idg) = mo (idg,m) (33)

on all composable elements of R X R X R,
tom=topy, Som=sop] (34)
on all composable elements of R X R
mo(1,idg)oA =eos, mo(idg,1)0A =cos (35)
on R, and also
mo (idg,eot)oA =idg, mo(eos,idg)oA =idg (36)

on R. Notice that for any scheme § that by taking the set of morphisms of schemes
from S into R and A one gets a pair of sets and these naturally form a groupoid in
sets using the obvious maps. We denote this groupoid in sets by

Hom(S,¥).

A (coherent/locally free of rank ) sheaf of modules on the groupoid consists of
a (coherent/locally free of rank r) sheaf . of &4 modules on A together with an
isomorphism f of sheaves of Ox modules over R
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fis'S 1S
which satisfies
pafopif=m'f (37)
and
e f=id. (38)

To make sense of this equality, one must use the identities

sopy=som, and topy=tom.

3.2 Stacks from groupoids

Let¥ = (A,R,s,t,m,e,1) be a groupoid in schemes.
We associate to it a stack [¢] defined as the stack on the fppf site associated to
the prestack pre-[¢] which associates to any test scheme 7 the groupoid in sets

pre-[4](T) = Hom(T,¥9).

Notice that such a morphism consists of a map from maps from 7 to A, and T to R
which satisfy the obvious compatibilities.

Remark 7. In the case that R = G X A and the groupoid structure is just given by
a group action of G on A, we may denote the associated quotient stack by [A/G],
leaving the structure implicit.

There is an equivalence [Lau] of Abelian categories of coherent sheaves which
takes vector bundles to vector bundles

Coh(%) —+ Coh([¢]). (39)

Definition 7. We denote by [.] the sheaf on [¢] corresponding to a sheaf . on ¢
under the equivalence 39 given above.

3.3 Groupoid presentations for stacks of rank 2 bundles

We define a groupoid in schemes to be called %J(',z) The atlas of %j(_';() is Wj(',? and the

relations are G% X Wj@
The arrow s is given by the projection

G xwl S w.

defined by
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(8p) = p
The arrow ¢ is given by the map
G xwl Lw, (40)
defined by
(gp) = gep.

where g e p is defined in Definition 5. The multiplication

m: (G(nlg X W;Z))v

¢ (G W) s G

X ( . X
Wi Js Jik Jik

is given by
m((g1,820p),(82,p)) = (819p82,P)

where g1 e, g> is defined in definition 6.
The identity section is defined by

e(p) = (id, p)
and the inverse is defined by

=1

(g, p)=(g 'r.gep)

where g(’l)l’ was defined in 5. The associativity condition (33) follows from (29).

The conditions (34), (36) and (35) follow from (27), (31), and (25).

We get an inverse system %j(;{) in the category of groupoids in schemes:

=Y .(3() — %j(i) — gj(}c) -9 .(7(,)(). 41)
and the inverse limit is ?J/k — @)

Jy

3.4 The morphism defined via the big bundle E

The big bundle E defines a morphism of stacks from Wj(’,? to M j(Z,En)) as follows.
Given an affine scheme 7', we have a map

¢r: Hom(T,W'})) — Hom(T,9;(Z,"))

[ (d, f)'E
given by sending f to the pullback of E via the map

(id,£): 2" x T — 2" x W)
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Lemma 6. For each j > 0 the substacks

ofi)ﬁ(Z,E")) are given by

T — {E € fm(Z,En))(T)MT* (E ® O(j))is generated by global sections andR' mr,(E @ O(j)) = 0} .

Proof. By Serre’s theorem, 931(2,5")) is covered by the open substacks defined
T— {E € QJT(ZIE"))(T)VCT* (E ® O(j))is generated by global sections andR' 77, (E @ 6(j)) = O} .

In order to show the Lemma we can work locally in the site, and show the equiva-

lence using the prestacks pre- [% ](',i)] First suppose that E has constant (in T') splitting
type less than or equal to j. Using Lemma 1, we can assume (after shrinking 7') that
is an extension of &'(i) by €(—i) for 0 <i < j. Then E ® €(i) is an extension of
0(2i) by 0. Due to the fact that HI(Z,E") x T,0) = 0, the resulting sequence on
global sections is exact. Both of the line bundles &'(2i) and & are generated by their

global sections, and the fact that 77, (E ® €'(i)) and therefore 77, (E ® €(§)) is gen-
erated by its global sections follows. However, H 1(Z,Em, 0'(a)) vanishes for a > 0
and therefore R' 7, (E ® O(j)) vanishes. Conversely, suppose that 77 (E ® 0/(}))
is generated by global sections and R'7r.(E ® 0(j)) = 0. The second condition

implies (see remark 8) that for every geometric point ¢ of T, the splitting type of

the restriction of E to Z,E") x {t} is less than or equal to j. Therefore, E belongs to

M, (Z")(T).

3.5 The universal bundle &

We now construct the universal bundle on the groupoid
(n) (n)
Z,’ X %jk .

The groupoid in question has atlas Z,E") X Wj(’,? and relations Z,E") X Gsnlz X W].(",?. We
use the description of sheaves on groupoids in schemes given in subsection 3.1.
We start with the big bundle E on ZIE”) X Wj(’]i) which was defined in Definition 1.

Consider the map in

1s0m_ ) Gy ((id0,0)"E, (id 10 ,5)°E)

given by the pair
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(Ag(p), Bo(p)) € Aut (U™ x G x WS, 0%2) x Aut (VO x G} < wy), 0°%)

which was defined in equations (19) and (20). We need to consider the pullbacks of
the isomorphism to

20 (G < W) %,y 00.(GT) < W)
Js
via the maps

(id o ,m), (id 0, p1), (id 00, P2)

where m, p1, p> are the maps

(G% X W;;?)s Xy ,(Gi",f X Wj(f,?) — Gi",() X Wj(f;()
given by
m((g1,820p).(82,p)) = (8195 82.P)
p1((g1,820p),(g2,p)) = (g1,820p)
and

p2((g1,820p),(82,1)) = (82, P)-

These pullbacks are described by the pairs of elements of

Aut (U™ x (G x W™ x (G x w ,ﬁ“)
u( (Gl X Wjx): WJ{Q’( kX W)

and
Aut (V(") X (GE",Z X Wj.(;?)s XW;,;<> t(GYQ X W;',?), ﬁ®2>
given by
(Agiepgr (1), Bgiopsr (1)),
(Ag, (820 p): By, (820 p)),
and

(Agz (p)ngz (p))

respectively. Therefore identity (37) follows from (26) while (38) follows from (30)
and consequently we have defined a vector bundle on the groupoid in accordance
with the description in 3.1.

3.6 The equivalence of stacks

Let us first mention groupoid presentations in the case of line bundles.
The stack of line bundles on the Z,E’O is equivalent to
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Zx[o/0(Z")").

For example when k = 1, n = oo this stack is equivalent to
Zx [o/Cx,y]]"]-

In section 3 we defined a groupoid in schemes

J ik X Wik Wiy sm,e;1),

the associated pre-stack pre-[%j(r,?] and the associated stack [%](',?] on the fppf site.

B

Theorem 3. The natural map Wj(',? — M j(Zlin)) given by the big bundle E which

was defined in Definition 1 induces an isomorphism of stacks

whose pullback to Z,En) X Wj(_”;() is the big bundle E, and is identified via the above

isomorphism with the universal bundle & on Z,En) x M (Z,En)).

Here, [¢ (',1{)] is the stack associated to the groupoid %j(r,?. This association is reviewed
in32. ~ ’

Proof. We will prove this theorem by first defining a morphism of stacks over the
fppf site and then show that it is locally in the site an equivalence of categories.
Conisder the morphism of pre-stacks

pre-F : pre-[%j{?] — M j(ZIEH))

by

pre-Fr(f) = (id . f)"&

where f is a morphism of groupoids from T to %{';{). Because 90 (Z,E">) is already a
stack over the fppf site, we get for free a morphism of the associated stacks over the
fppf site

F:[95)] - my(z").
In order to show that this is an equivalence we need only to show that it is locally
an isomorphism. Consider a vector bundle E on Z,En) x T for an affine C-scheme T
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and write it somehow (it does not matter how) as an extension of &'(j) by 0'(—)
possibly after renaming 7'. Using equation 2 we have

(”;En)ﬁ(j)vﬂg(n) O(—j)) =

k

Ext!
72" %

= HO(T, 0r @ Exty, (0()), 0(~))) = Hom(T. W),

We can conclude that choosing (locally in the test schemes) the structure of an ex-
tension gives maps from 7 to the atlas of %j(fz). It remains to show that the ambiguity

(n)

in such choices is given by maps from 7 to the relations of ¢ ik Suppose we have

two maps p and p’ from T to Wj(;?. We need to show that
. 1\ *
Tsomyym) (p.p) = Tsom 20 (150, P) E, (id oy, ') ).

We have already naturally identified these two sets in Lemma 4.

We can use some easy observations about the explicit presentation we have es-

tablished to give some properties of the stacks 91;(Z, z" )) First of all GV ,2 and W( n)
are reduced, irreducible, affine algebraic varieties. Notlce that s is a prOJecnon and
the map ¢ factors as a Zariski open embedding followed by a projection

R= G x W) —— End 0 (6() ® 6(~ ) x W3

where the horizontal map is

(&:p)— (g:89p)

The following could be concluded from the general construction of these stacks of
vector bundles using Quot schemes due to Laumon and Moret-Bailly but we can
give here a direct proof.

Corollary 1. For every finite n, the stack ; (Z,E")) is an Artin stack.

Proof. When n is finite then G ,2 and W' k) are smooth affine varieties of finite type.
By [Lau] cor. 4.7, in order to conclude that it is an Artin stack, we need to show that
s and ¢ are flat and that the morphism

(s,t):R—AxA

is separated and quasi-compact. Since n is finite, s and ¢ are in fact smooth and
therefore certainly flat. Quasi-compactness is obvious since R is quasi-compact. To



22 Oren Ben-Bassat and Elizabeth Gasparim
see that (s,7) is separated we need to see that the induced diagonal
R — R(s,t) XAxA (SJ)R 42)

is closed. Notice that R, ;) Xaxa (s,)R is a closed subvariety of

G J",g x G 1"12 X WJ.(”;{)

defined by the equation
g1ep=4g290p.
The image of the diagonal (42) is therefore closed, being just the intersection inside
G x GVl x W)
of
Risr) Xaxa (snR

with the closed subvariety

where

is the diagonal.

4 Applications

In a forthcoming article [BeG] we will use these groupoid presentations to calcu-

late the space of deformations of the moduli stacks 90 j(Z,E”)). To do this one must
calculate the cohomology of the tangent complex (thought of as a complex of co-

herent sheaves) on these stacks. We then consider deformations of the Z,E"). These
include both classical and non-commutative deformations of the type considered in
[BBP] and [To]. By considering stacks of vector bundles over universal families of

these deformations we get natural deformations of the stacks 91 j(Z,E")). We investi-

gate the corresponding map from deformations of Z,E”) to deformations of 901 (Z,E")).
This map is neither injective nor surjective. Such maps are well understood for the
case of curves (see for example [NR]); whereas for surfaces such maps are only un-
derstood in a few special cases, such as Mukai’s [Mu] description for the case of K3
surfaces. In general such maps are quite mysterious for the case of surfaces. Thus,
it is interesting to look at the question in the intermediate case of formal neighbor-
hoods of curves inside surfaces.

Consider a proper algebraic surface X over C. By attaching the stacks 91; (Z()
to 9U(X) in the correct way one gets certain substacks 91;(Y) of the stack of



Moduli Stacks of Bundles on Local Surfaces 23

vector bundles on the blow up of X at some point. Consider the punctured space
Z; = Zj — ¢ and the punctured formal neighborhood Z\ko which is defined in [BT]
using Berkovich’s analytic geometry. Now let Y is any algebraic surface containing
a rational curve ¢ with > = —k, k > O then let Y° =Y — ¢. Let 9(Y) be the stack of
all vector bundles of rank 2 whose restriction to ¢ has first Chern class zero, while
M(Y°) and M(Z,”) are the stacks of all vector bundles of rank 2 on Y° and Z;" re-
spectively. By taking stacks of vector bundles and using the main theorem of [BT],
we get a fiber product diagram of stacks along with the substacks of splitting type j,

Zk ~— M;( )

consisting of the above diagram with the solid arrows only. The dotted curved ar-
rows going up here exist only in the case that k = 1 and when the image of 7 is a
smooth point under the contraction of ¢. Suppose we are in this case and 7 : Y — X
is the contraction of ¢. Then the dotted arrows are sections of the arrows in the op-
posite direction and are given by extending a bundle from Y° =Y — ¢ > X — {x}
to a bundle in 2(X) by taking the double dual of its pushforward and then pulling
back the bundle via 7 to ¥ (and similarly on the other side). This diagram is an
algebraic version of the holomorphic patching construction used in [G4] and can
be used to get information about the relationship of 9t;(Y) and 9(Y — ¢) from the
relationship of 91; (Z;) and 9M(Z;"). This version of patching using stacks is a much
more powerful construction, in particular avoiding all-together the use of framings,
hence eliminating the unnecessarily complicated issues of infinite dimensionality of
the space of reframings of each individual bundle. In this article we have focused
on a description of ) ; (ZAk) The application to topological information will appear
in a forthcoming article [B2] where we use the groupoid presentation to compute
homology, cohomology and homotopy groups of the stacks of bundles.

Another reason why using stacks of bundles is preferable for gluing purposes
over the construction via framings is that framings (in the sense of trivialising sec-
tions) simply do not exist in general. For the case of a surface with a —1 line it turns
out to be possible to add framings to all holomorphic bundles, that is, every bundle
on Z; is trivial on Z?, so one can consider pairs of bundles together with framings,
and glue by identifying framings. However for elements of N (2k) only those sat-
isfying j =0 mod k are trivial on Zk This argument becomes even more relevant
if one considers curves inside threefolds. For instance over completion W1 of the
resolved conifold W, = Tot(&'(—1) @ €(—1) we can consider also rank 2 bundles

with splitting (j, —j) and define stacks 9)1; (VV\I) but here only the trivial bundle is
frameable in the sense of [G4].
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Appendix A. Some cohomology groups

The ring of global functions on 7y is

~

k=2 k
ﬁ(Zk):C[[)C(),Xl,...,xkﬂ/z Z (xinfxiJr]x]-,]) y

i=0 j=i+2

and for Z,En) one gets ﬁ(Z,i")) = 0(Z;)/m"! where m is the ideal (x, ...,x;). Note
that here x; = z'u in terms of the original coordinates on U and U ("), The zeroth
cohomology is the torsion-free &(Z;) module

H(Z,0(s)) = @ Cdul c 00).
ki-+s—1>0,1>0,i>0

Similarly, we have the & (Z,i">) module

HO(ZM 0/(s)) = D cui c o(U™).

kits—1>0,1>0,n>i>0

Remark 8. The set H° (Z,E"), 0'(s)) is the C points of the spectrum of the polynomial
algebra freely generated over C by variables indexed by pairs (/,7) such that ki +s —

1>0,1>0,n>i>0.Itis also easy to see that Hl(Zlin), O(s)) vanishes for s > 0.

Appendix B. The cohomology spectral sequence of .77 om(E,F)

Consider a scheme Z covered by just two affine open sets Uy and U, and two rank 2
vector bundles E and F on Z which trivialize on the U;. Assume also that H' (Z, 0') =
0. The Cech complex for computing the cohomology of J#om(E, F) on Z looks like

Homy, (E|v,, F|u,) ® Homy, (E|v,, F|v,) — Homy, v, (Elv, v, Fluynu,)-

If we choose local trivializations for E|y,,E|y, and F|y,,F|y, then the complex
becomes

Homy, (0%%,6%%) @ Homy, (0%, 6°?) — Homy, ny, (072, 07?)
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with differential
(A,B) — GgA — BGFp

where Gg, GF are the transition matrices of £ and F. On the other hand suppose we
know that E and F can be written on Z as extensions of line bundles L, by L;. By
choosing local splittings the Cech complex becomes

Endy, (0°2) & Endy, (69%) 2} Endy, v, (6%2)

0 0
Dy (N, Np) = <g01 g2) N — N <g01 gz) ,

Dy (M, M) = <g6 Zf) M) — M, (%1 ZZ) .

ker(D) EN coker(Dy)
Let us compute the cohomology groups
ker(D;) = Hom(E,F) = H*(X, % om(E F))

and
coker(D,) = Ext'(E,F) = H' (X, #om(E,F))

in terms of the extension and cohomology groups of the L;. The filtration on
Hom(E,F) reads
0 C som(Ly,Ly) C Hom(E,Ly)+ H om(Ly, F) C 7 om(E,F)

with associated graded pieces .#°om(Ly, L), &nd (L1 ) ® End(Ly), and s 0om(Ly,Ly).
The associated spectral sequence computing the cohomology #om(E, F) has an E|
term which looks like

q=2

q=1

qg=0 | Hom(L,Lp) 0 : 0
g=—1 End(L;) ©End(Ly) Ext'(Lp,L;) 0
q= -2 HOII](L27L1) 0
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The E, term looks like

qg=>2

q=1

g=0 | Hom(L,Ly) 0 0
1,—1 1,—1

g=-1 ker(d;""")  coker(d,” ") 0

q= -2 Hom(Lg,Ll) 0

p=0 p=1 p=2 p=3

The E3 term looks like

qg=2

g=1

g=0 ker(dg’o) 0 : 0
qg=—1 ker(dll’fl) coker(dll’fl)/im(dg’o) 0
qg=-2 Hom(L,,L;) 0
q=-3 0

p=0 p=1 p=2 p=3

The first differential we consider is

1,-1

@ dy
H°(X,0)"* =End(L;) ®End(Ly)  Ext'(Ly,L;).
It is the connecting map for the cohomology of the short exact sequence
0— Hom(Ly, L) — Hom(Ly,F)+ 7 om(E,L1) = &nd(Ly) ® End(Ly) — 0

Consider the induced filtration on Hom(E, F') given by
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0 C Hom(Ly,L;) C Hom(E,L;) +Hom(Ly,F) C Hom(E,F).
One has

Hom(E,F)
Hom(E,L;) +Hom(L,, F)

= ker(dg’o) C Hom(Ly, L),

and
Hom(E,L;)+Hom(Ly, F)

Hom(L,,L;)

For any choices of splittings

=~ ker(d,") c H'(X,0)%2.

Hom(E, F) & ker(d>°) € Hom(L;,L,)

and
Hom(E,L;) +Hom(Ly, F) & ker(d"™") ¢ HO(X, 0))*

we get a decomposition
Hom(E,F) = Hom(Ly, L) ® ¢ (ker(d; ")) @ w(ker(d))). (43)

We record formulas for dl1 !and dg’o in the case that X = Z,E") x T for some affine
scheme T, Ly = O(—j), Lo = O(j), E=E,, F =E,.

d ' HOX (L ®LY) ® (La ® LY)) — Ext! (Ly, L)

Zp'\(a0\ (aO\ (2 p\_(0dp'—ap

0z7)\0d 0d/\0z/) \0O 0 '
Therefore the element of Ext!'(L,,L) to which the pair (a,d) maps is represented
by (dp' —ap)| ey ). The differential

We compute

1,—1 . .
dy” ' HY(X,0%%) = Bxt' (0()), 0(—)))
(a,d) — dp'—ap.
In order to write down the next differential
0,0 . . . . . —
dy” : Hom(0(= ), 0(j)) = Ext' (6(j), 0( ) /image(d; "),
we choose regular functions o, 8y on U and oy, 6y on V such that
—zpley =ay —ay
ZjPQU = 5U - 5V

SO
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dY°(c) = 8yp’ — avp.
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