THE NEKRASOV CONJECTURE FOR TORIC SURFACES

ELIZABETH GASPARIM AND CHIU-CHU MELISSA LIU

ABSTRACT. The Nekrasov conjecture predicts a relation between the partition
function for N = 2 supersymmetric Yang—Mills theory and the Seiberg-Witten
prepotential. For instantons on R*, the conjecture was proved, independently
and using different methods, by Nekrasov-Okounkov, Nakajima-Yoshioka, and
Braverman-Etingof. We prove a generalized version of the conjecture for in-

stantons on noncompact toric surfaces.
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1. INTRODUCTION

1.1. Background. The Nekrasov conjecture [Ne2] predicts a surprising relation
between two seemingly unrelated quantities: the partition function for N = 2
supersymmetric Yang-Mills theory, defined in terms of instantons on R*, and the
Seiberg-Witten prepotential [SW], defined in terms of period integrals of a family
of hyperelliptic curves. For gauge group U(r), Nekrasov and Okounkov proved the
conjecture for a list of gauge theories (4d pure gauge theory, 4d gauge theory with
matter, 5d theory compactified on a circle) [NO], Nakajima and Yoshioka proved
the conjecture for 4d pure gauge theory [NY1] and for 5d theory compactified
on a circle [NY2] (see also Gottsche-Nakajima-Yoshioka [GNY2]). Braverman and
Etingof proved the conjecture for 4d pure gauge theory with arbitrary gauge groups
[BrE].

In this paper we prove a generalized version of the conjecture for instantons
on noncompact toric surfaces. Instantons on toric surfaces have been studied in
[Ne3, GNY1, GNY2].

In field theory terms, Nekrasov’s insight involves a comparison of the infrared
and ultraviolet limits of the SUSY gauge theories, as follows. The vacuum expecta-
tion value of their observables is not sensitive to the energy scale. In the ultraviolet,
the theory is weakly coupled and dominated by instantons; whereas in the infrared,
there appears a relation to the prepotential of the effective theory. In this instance,
the physical argument is accompanied by completely rigorous mathematical defini-
tions, thus allowing us to prove the conjecture.

1.2. Partition functions for instantons on noncompact toric surfaces. Let
Xo = X \ £s be an open toric surface that can be compactified to a non-singular
projective toric surface X by adding a line at infinity £, =2 P! with positive self-
intersection number, so that T; = (C*)? acts on Xy and on X. Let 9, 4., (X, o)
denote the moduli space of rank r torsion free sheaves over X having Chern classes
¢1 = d and ¢a = n, and framed over {. Then M, 4., (X, l) is a smooth variety
over C, and it admits a T} x T,-action with isolated fixed points, where T, = (C*)"
is the maximal torus of the complex gauge group GL(r,C) which acts on framings.
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/ 1
My, (X loo)

by formally applying the Atiyah-Bott localization formula. The above integral is
a rational function in equivariant parameters €1,e5 € H%t (pt) and aq,...,a, €

H 721& (pt). The Nekrasov partition function for supersymmetric SU(r) instantons on
Xy is defined as

‘We define

2y (ers i ) 2 A0S e | 1
= My, (X o)
where A is a formal variable. It lies in the ring Q(ey, €2, a1, ..., a.)[[A]].

In further generality, given two multiplicative classes A, B we define

ins N def ~Md- o
Z s palers e, @A) S AUTIEEN A2 / A7 (Ton)B(V)
n>0 My a,n (X loo)

where Toy is the tangent bundle and V' is the natural bundle on 9, 4., (X, ) (see
Definition 2.9).

1.3. Seiberg-Witten prepotential. We briefly recall the definition of the Seiberg-
Witten prepotential for 4d pure SU(r) gauge theory. Appendix C contains a more
detailed discussion and definitions for other gauge theories.

Consider the family of hyperelliptic curves parametrized by A and @ = (usg, us, . . ., uy):

1
CﬁZAT <U}+> :P(Z):ZT+UQZT72+U32T73+'~~+ur,
w

The parameter space for 4 is called the @-plane. The Seiberg- Witten differential

_ 1 dw
C2ry/—1 w

is a meromorphic differential defined on the total space of this family such that

{wp dof g(dé‘) |p=2,...,r} is a basis of holomorphic differentials on the genus
Up

(r—1) curve Cz. Choose a symplectic basis {Aq, Bg | a, 3=2,...,r} of H(Cy, 7Z),

and define

s

aa:/ ds, a§:27r\/—1 ds.

Aq Bs

T
Then the 1-form Z aPda, is closed, so there exists a locally defined function, the
a=2
Seiberg- Witten prepotential Fo, such that

-
E afdaa =dFy, ie., ay =_—.
= day

The above definitions of dS,a,,aZ are the same as those in [NO], but are /—1

«

times the corresponding definitions in [NY, NY1].
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1.4. Nekrasov conjecture. Let qg, g1 be the two T fixed points in /o, C X, and
let u,v € Zey © Zea be the weights of the Ti-action on (Ny/x)ger (New /X )qrs
respectively, where Ny _,x is the normal bundle of £, in X. If w is the weight of
Ti-action on Ty los and k = g - £ > 0, then

v=u— kw.
Define
Jz—_-inst —'_A dﬁf k 1 Zinst —»,A
XO,A,B,d(ﬁla@,a, ) = —u(u — kw)log XO,A,B,d(€1»€2»a» )-

We now state the prototype statement of the conjecture for toric surfaces, which
will have 8 incarnations.

Main Theorem. (Nekrasov conjecture for toric surfaces: prototype statement)

(a) f}&g,A7B,d(€17€275,m;A) is analytic in €1, €3 near €1 = €3 = 0.
(b) lim 0-7'—}&'07;;,37,1(61, €2,a; N) = kFy (@, A), where Fy (d, A) is the - - -part of

€1,€E2—
the Seiberg- Witten prepotential of matter case A, B,m, and k = lso - £oo > 0
is the self intersection number of .

The 8 cases we prove are

o Instanton part: Theorem 5.21. With the * replaced by ™', we prove
the following cases of the conjecture:
(1) 4d pure gauge theory: A= B =1, m = (.
(2) 4d gauge theory with Ny fundamental matter hypermultiplets: A =1,
B = (Ez)(V) is the Tp,-equivariant Euler class of V ® M, where M is
the fundamental representation of U(Ny¢), Ty, is the maximal torus of
U(Nf), m = (ml, <o ,’I’)’le)7
(3) 4d gauge theory with one adjoint matter hypermultiplet: A = E,(Ton)
is the equivariant Euler class of the tangent bundle of the moduli space,
B=1m=m.
(4) 5d gauge theory compactified on a circle: A = Ag(Tgm) is the 1215 genus
of the tangent bundle (the usual A genus being the case = 1), B =1,
m = () but F depends on the additional parameter (3.
e Perturbative part: Theorem 6.7. With the ~ replaced by P, we derive
4 more cases of the conjecture, with same restrictions as in the first part:
(1) 4d pure gauge theory.
(2) 4d gauge theory with Ny fundamental matter hypermultiplets.
(3) 4d gauge theory with one adjoint matter hypermultiplet.
(4) 5d gauge theory compactified on a circle of circumference 3.

The instanton part follows by localization, from known results in the C2? case.
Indeed, localization calculations yield an expression of the instanton partition func-
tion Z}?gt A.5.4 Over Xo in terms of contributions from vertices (7 fixed points in
Xo) and and from legs (T} invariant P! in X;). Each vertex contributes one copy of
the instanton partition function of C2, for which the singularity along e; = e = 0
is already known. The contribution from legs does not introduce more poles along
€1 = €3 = 0. A priori, the tangent weights at all T} fixed points in Xy appear in the
denominator, but an argument similar to that in [Ne3, Section 6.1] shows that these
poles mostly cancel out, and we are left with the two normal weights u, u — kw at
the T} fixed points on {o,. The perturbative part is fairly straightforward.
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1.5. Outline of the paper. In Section 2, we describe properties of the instanton
moduli spaces. In Section 3, we study torus actions on these moduli spaces and the
fixed point sets. In Section 4, we introduce a general instanton partition function
depending on two multiplicative classes A, B for noncompact toric surfaces; differ-
ent choices of A, B give partition functions of different gauge theories. Section 5
contains localization computations on instanton moduli spaces, and the proof of the
instanton part of the conjecture. Section 6 contains definitions of the perturbative
part of the partition function, and the proof the perturbative part of the conjecture.

1.6. Acknowledgements. This work started during our participation in Program
for Women and Mathematics at the Institute for Advanced Study, Princeton. We
thank the program organizers Karen Uhlenbeck, Chuu-Lian Terng, Antonella Grassi
and Alice Chang for their encouragement and support. We thank Lothar Gottsche,
Jun Li, Hiraku Nakajima, Nikita Nekrasov, Tony Pantev, Nathan Seiberg, Con-
stantin Teleman, and Eric Zaslow for helpful conversations.

2. MODULI SPACES OF FRAMED BUNDLES ON SURFACES

We work over C. Let X be a non-singular projective surface. Let £, C X be a
smooth divisor. In this section, we introduce moduli spaces of framed bundles on X,
and describe basic properties of these moduli spaces, generalizing the discussion in
[NY1, Section 2] on the case X = P2, The framed moduli spaces were constructed
in much more setting by Huybrechts-Lehn [HL].
Given a positive integer r, an integer n, and a cohomology class d € H*(X;7Z),
let 9, 4. (X, loo) be the moduli space which parametrizes isomorphism classes of
pairs (E, ®) such that
(1) FE is a torsion free sheaf on X which is locally free in a neighborhood of £.
(2) rank(E) =7, c1(E) = d and [, c2(E) = n.
(3) ®: Ely,, = OF" is an isomorphism called “framing at infinity”.

Note that (1) and (2) imply [, d=0.

2.1. Dimension of the moduli space. Given a divisor D C X, let E(—D) =
E® Ox(-D).

Proposition 2.1. Suppose that { - oo > 0.

(a) For any (E,®) € M, q.n(X, o) we have Exty (B, E(—{s)) = 0.

(b) Assume in addition that le = P'. Then for any (E,®) € M, 4.0 (X, loo)

we have
Extg (B, E(—lx)) = Exty (B, E(—{)) = 0.
Remark 2.2. If X is a non-singular projective surface which contains a smooth
divisor log = P! such that k = leo - lss > 0. Then TX|€ > Opi(k) ® Op1(2), so
X is rationally connected, or equivalently, X is a rational surface. The arithmetic
genus of X is pa(X) = x(Ox) —1=0.
Proof of Proposition 2.1. (a) Assuming that {o - £o > 0, we will show that
Homp, (FE, E(—{)) = 0.

Let s be a section of Ox () such that its zero locus is £,. The exact sequence

0— E(—(m+1)ls) > B(—mls) — BE(—mls) ® Op — 0
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induces a long exact sequence
0 — Homp,, (E, E(—=(m+ 1){s)) — Home, (E, E(—mf))
— Homp,, (E, E(—mly) ® Op__)
— Extp (B, E(—(m+1)ls) — Exty (B, E(—mls)) — - -
where
Homo, (B, E(—mls) ® Op_) = HO(lsy, Ox (—mlog )]0 )"
since E|y_ is trivial. Let k =l - £oo > 0. Then
H(loo, Ox (—mloo)|e.) = HY (P, Op1 (—mk)) =0
when m > 0. So, for any positive integer m,
Homep, (E, E(—(m+ 1)l )) — Hompe, (E, E(—mfy))
is an isomorphism, and
Exty (B, E(—(m+ 1)) — Exty (B, E(—mls))

is injective. As a consequence, any element in Home, (F, E(—{,)) restricts to zero
in a formal neighborhood of ¢, in X. So

Homoe, (E, E(—{x)) = 0.

(b) We now assume that fo oo > 0 and £, 2 P!, By Serre duality, Ext%x (E,E(—{x))
is dual to Home, (E, E(Kx + {)). We will show that

Home, (E,E(Kx 4+ {x)) = 0.
The exact sequence
0— B(Kx —mls) > E(Kx + (1 —m)ls) — E(Kx 4+ (1 —m)ls) ® Op — 0
induces a long exact sequence
0 — Homp,, (F, E(Kx — mfs)) — Home, (E, E(Kx + (1 —m)l))
— Homo, (E,E(Kx + (1 = m)ls) ® Oy_.)
— Ext}jx (E,E(Kx —mls) — Extéx (E,E(Kx+(1—m)ls)) — .
E|y_, is trivial and Ky, = (Kx 4 loo)]e.. , SO
Homo (B, E(Kx +(1=m)lo)©0p.) = H(fao, Or (Ki. )@ Ox (—mbog)]e. )"
Note that
H(loo, Or_ (Ki.) @ Ox(—mloo)|e.) = HO(P', Op1 (=2 — mk)) = 0
for all m > 0. So, for any nonnegative integer m,
Home, (E, E(Kx — mly) — Home, (E, E(Kx + (1 — m){s))
is an isomorphism, and
Exty (B, BE(Kx —mls)) — Extp (B, E(Kx + (1 —m)ls))

is injective. As a consequence, any element in Home, (F, E(Kx + {~)) restricts
to zero in a formal neighborhood of ¢, in X, and we conclude that

Homoe, (E,E(Kx + {x)) = 0.
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Corollary 2.3. Let X be a non-singular projective surface, and let €, be a smooth
divisor of X such that l - loo > 0. Then for any (E,®) in M, 4.,(X, ),

dimg Exty, (B, B(—{s)) — dimg Exty, (B, B(—{s))
=2+ (1 —7)d-d—1*(pa(X) + pa(leo))

where d-d = fX d?, p,(X) is the arithmetic genus of X, and p, (¢ ) is the arithmetic
genus of Lso.

Proof. Let (E,®) € M, 4.,(X, ) be locally free. By Proposition 2.1 (a),
dime Extyy, (B, B(—{s)) — dimg Ext?, (B, B(—{)) = —X(End(E) ® Ox (—{x)).

Let v € H*(X;Z) be the Poincaré dual of [pt] € Hyo(X;Z), and let e € H*(X;7Z)
be the Poincaré dual of [{,] € H2(X;Z). By Hirzebruch-Riemann-Roch,

X(End(E) ® Ox(—{s)) = deg(ch(End(E))ch(Ox (—ls0))td(Tx)).
We have

ch(End(E)) = ch(E)ch(E")

= (rr s (G ) (r =t (G =) =2+ 0= D~ 20,

2

k
ch(OX(fEOO)):lfeJr%:176+§u, for k = log - U > 0,

hence
2 2 2 kr?
ch(End(E))ch(Ox (—lo)) = 12 + (—12e) + ((r — D+ (- - 27"71)1/).
We recall that
1 1
td(Tx) =1+ 5er(X) + E(cl(X)2 + ca(X)).
Let Ny_,x be the normal bundle of £, in X. Then

/ ecl(X) = / (Cl(goo)"_Cl(Néoo/X)) :2—2pa(€00)+k
X

eoc
Consequently,

deg (ch(End(E))ch(Ox (—foo))td(Tx))

,,,2 2

= /(r—(Cl(X)Q-I-CQ(X))—Eecl(X)_A'_(T_l)dQ_i_(k; —2rn)y>

X -
r2 9 7,.2 , kr2

= 1) @@ +‘32(X))*5(1<f+272pa(£oo))+(rf1)/Xd + 5 —2mn

= —2rn+(r—1)/Xd2+7"2(pa(X)+Pa(£oo))~
[

Corollary 2.4. Let X be a non-singular projective rational surface, and let £+, be
a divisor of X such that loo 2P and by - oo > 0. Then M, 4., (X, ls) is smooth
of (complex) dimension

2rn+(1—r)d-d
where d-d = [, d*.
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Example 2.5. Let X = P2, and let

boo = {[Z0, 21, Z5) € P* | Zy = 0} 2 P'.
Then lo - oo = 1 > 0. The moduli space M, q.,(P?, L) is mnonempty only if
few d = 0, which implies d = 0. By Corollary 2.4, the moduli space Mo (P2, lo)
is smooth of complex dimension 2rn. (See [NY1, Corollary 2.2]).

Example 2.6. Let X = Fy, &ef P(Op1 (—k) @ Op1) be the k'™ Hirzebruch surface,

where k is a positive integer. Let
Lo :P(O@OP1> %}Pl, loo :P(Opl(—k‘) @ 0) =~ pt
Then by - by = —k <0 and by - oo = k > 0.
The moduli space My q.n(Fr, ) is nonempty only if floo d = 0, which implies
d = mly for some m € Z. By Corollary 2.4, the moduli space My mey.n(Fr, loo) is
smooth of complex dimension 2rn + (r — 1)km?.

Example 2.7. Let { C P? be a curve of degree 1, and let py,...,pr be k generic
points in P2 which are disjoint from (. Let © : B — P2 be the blowup of P2
at p1,...,pr. Let loo = 7 1(0) = P, and let £; = 7w 1(p;) be the exceptional
divisors. Let e, €1, ..., ex € H*(By;Z) be the Poincaré duals of [lso], [€1], - - -, [Ck],
respectively. Then
H?*(By; Z) = Zeo ® Zey & - - - Zey,.
The moduli space My 4. (Bg, boo) is nonempty only if fém d = 0, which implies
d=mie; +---+mger, m; €.

By Corollary 2.4, the moduli space My iy eq+-+myer,n(Bk, oo) i sSmooth of complex
dimension

2rn 4 (r — 1)(m? + -+ m2).

2.2. The natural bundle. In this subsection, X is a non-singular projective ra-
tional surface, and /£, is a smooth rational curve in X such that ¢, - oo > 0. The
proof of the following proposition is very similar to that of Proposition 2.1.
Proposition 2.8. H(X,E(—{y)) = H*(X,E(—{)) = 0.

Let £ — X XM, 4. (X, £oo) be the universal sheaf. Let p1 : X x M, 4 (X, o) —
X and py : X X My g.n(X, o) — My an(X,le) be the projections to the two
factors.

Definition 2.9. The natural bundle over M, 4., (X, o) is

y et (R'p2)+ (€ @ p(Ox(—Loo))).

Corollary 2.10. V is a vector bundle of rank
1
n— i(d-d—i—m(X)-d)
over My g0 (X, leo).

Proof. We use the notation in the proof of Corollary 2.4. Let (E, ®) € M, 4.,(X, o)
be locally free. The rank of V is given by —x(F(—{x)). By Hirzebruch-Riemann-
Roch,

X(E(—{x)) = deg (ch(E)ch(Ox (—{e0))td(Tx))
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where
d2
ch(E) = r+d+ (5 —nv)
e? k
ch(Ox(—ls)) = 1fe+5 = lfe+§1/
ch(E)ch(Ox(—lx)) =7+ (d—1e) + (% + (% — n)u)
td(Tx> =1+ %Cl(X) + %(Cl(X>2 + CQ(X))
Consequently,
deg (ch(E)ch(Ox (—loo))td(Tx))
= /}((%(Cl(X)Q +c2(X)) + %(d —re)er (X) + % + (% - n)y)
- % X(cl(X)2 + (X)) - g(k +2) + %/X(cﬂ + e1(X)d) + % -n
= -n+ % /X(d2 + c1(X)d) + rpa(X)
where p,(X) = 0 since X is a rational surface. (]

3. Torus AcCTION AND FIXED POINTS

€

In this section, X is a non-singular projective toric surface. Therefore T; Lef (C*)?
acts on X. We use notation similar to that in [NY1, Section 2, 3].

3.1. Torus action on the surface. We assume that ¢, is a Tj-invariant P! in
X, and o - loo = k > 0. Then Xy = X \ £ is a non-singular, quasi-projective
toric surface. Let I" be a graph such that the vertices of I' are in one-to-one cor-
respondence with the T} fixed points in X, and two vertices are connected by an
edge if and only if the corresponding fixed points are connected by a Ti-invariant
P!, Then T is a chain, so #V (') — #E(T) = 1, and

X(Xo) = #V(I') = x(X) - 2,
where E(T) is the set of edges in T and V(T') is the set of vertices in I". Let p, be the
T; fixed point in Xy which corresponds to v € V(T'), and let £, be the Ti-invariant
P! which corresponds to e € E(T'). Any Ti-invariant divisor D in X disjoint from
{so is of the form

D= Z mele = Hy(Xo; Z)

ecE(T)

where m, € Z.

3.2. Torus action on moduli spaces. Let T, be the maximal torus of GL(r, C)
consisting of diagonal matrices, and let T = T, x T.. We define an action of T
on M, q.n(X, loo) as follows: for (t1,t2) € Ty, let Fy, 4, be the automorphism of X
defined by Fi, 4,(x) = (t1,t2) - . Given € = diag(es,...,e,) € Te, let Gz denote
the isomorphism of OF" given by (s1,...,s,) — (e1s1,...,€.5.). For (E,®) €
M, a.n (X, lso), we define

(tlat%é‘) : (Ea (I)) = ((Ft:,leQ)*EvCI)/) ,
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where ® is the composite of homomorphisms

—1 %
(Ftl,tQ) @ Dty to

_ — Gz
(Fiy i) Eles, (Fiph,) OFT =5 OFT =% OF.

Here ¢y, 1, is the homomorphism given by the action.

3.3. Torus fixed points in moduli spaces. The fixed points set M, 4., (X, KOO)T
consists of (E,®) = (I1(D1),®1) @ -+ & (L2(Dy), ;) such that

(1) In(Dy) is a tensor product I, ® Ox (D,,), where D,, is a Ti-invariant divisor
which does not intersect £.,, and I, is the ideal sheaf of a 0-dimensional
subschemes @, contained in Xj.

(2) @, is an isomorphism from (I, )¢, to the ath factor of (92:.

(3) I, is fixed by the action of T;.

The support of @), must be contained in XOTt, the T} fixed points set of Xy. Thus
Q4 is a union of {QY | v € V(I')} where Q¥ is a subscheme supported at the T-
fixed point p, € Xy. If we take a coordinate system (x,y) around p,,, then the ideal
of QY is generated by monomials x'y’, So QU corresponds to a Young diagram Y.

Therefore the fixed point set is parametrized by 2r-tuples

(DaY) - (Dla}_}l’“-aDr,}_}T)

where
Do € @ Zt.=Hy(X0;Z), Yo={Y!|veVI)}
eeE(T)

and each Y is a Young diagram. Let

|}7o¢| = Z Y2l

veV(T)
Let d¥ € Hy(X;Z) be the Poincaré dual of d € H*(X;Z). Then [, d =0

implies

e P zj).

ecE(T)

The constraints are

M) S D, =",

T

(2) Z|Va|+ZDa-D5:n.

a=1 a<f
Note that
2r Y Do-Dg+(1-r)d’-d" =(1-r)Y D242 Do-Ds=—Y (Do—Dp)?,
a<f @ a<f a<f

5o (2) can be rewritten as

(3)  2r Y Yal =D (Do —Dp)* =2rn+ (1 —r)d-d = dime My 4. (X, loc).
a=1 a<f
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4. GAUGE THEORY PARTITION FUNCTIONS

We refer to Appendix B for a brief review of equivariant cohomology and inte-
gration of an equivariant cohomology class over a possibly non-compact manifold.

4.1. Equivariant parameters. For i = 1,2, let p;: BT; = P> x P> be the pro-
jection to the i-th factor, and let €; = (¢1)7, (pfO(1)). Then

Hi, (pt; Q) = H*(BTy; Q) = Qler, €a].

Let t; = e = ch; (p; O(1)).
Similarly, for j =1,...,r, let g; : BT, = (P*>°)" — P> be the projection to the
Jj-th factor, and let a; = (c1)7,(g;O(1)). Then

Hr (pt;Q) = H*(BTe; Q) = Qlay, . . ., a,].

Let e; = e% = chi(qg;O(1)). We write @ = (a1,...,a,) and € = (e1,...,e,) =
(e®1, ... e%).

4.2. Multiplicative classes of the tangent and natural bundles. Recall that
a multiplicative class ¢ is a characteristic class which satisfies ¢(F1®Fs) = ¢(F1)c(Es).
Such a class is determined by a formal power series f(z) satisfying ¢(L) = f(c1(L))
for a line bundle L and ¢(E) = f(x1)--- f(z,) where z1,...,z, are Chern roots of
E.

Let A, B be multiplicative classes associated to formal power series f(z), g(z),
respectively. Then

/ Ap(Ton)Bo(V) € Qller, €3, @llm € Q(er, e2, 7)),
Wnd‘n(X,foo)

where Tyy is the tangent bundle of 9, 4., (X, £s), V is defined in Definition 2.9,
and Q[[e1, €2, a]]m is the localization of the ring Q[[e1, €2, d]] at the maximal ideal
m generated by €1, €9,a1,...,a,. If f(z) and g(z) are polynomials, then

/ AT(Tgm)BT(V) S Q[El, €9, C_i]m C Q(eh 6275).
My d,n (X loo)
Let Xo = X \ loo. Given
de e B (XD)| [ 4 =0} = HAX0i2)
Loo

let d¥ € Hy(X;Z) be its Poincaré dual. (Here H; is the compact cohomology.)
Then

d' e @ Zt. = Hy(Xo; Z).
ecE(T")
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‘We define
Z;I(IS:EA,B,d(Ela €2, 0; A)
— Z Adimc Mr d,n (X loo) / AT (Tgm)BT(V)
n>0 My d,n (X, loo)
= A(l—T)dd Z A2rn / Ai«(Tgﬁ)BT(V)
n>0 M, d,n (X loo)

- Y A—EM(DQ_DJZAEQMA(T<DY>im’d”(X£ ) B7(Vio.v))
GT(T(D7Y)mr,d,n (X7 EOO))

> Do=dV Yo
= Z ZH i) € Q((e1, €2, @))[[A]]
¥ Da=d’ Y,

where z; are T—equivariant Chern roots of T(D7Y)S)JTT747”(X, l) and y; are T-
equivariant Chern roots of Vip v). If f(x), g(x) are polynomials then

7%t paler e2, @A) € Qer, €2, @)[[A]]-

Sometimes we allow A and B to depend on extra parameters, then Z}?j p.a Will
depend on extra parameters as well.
Introduce variables {Q. | e € E(T)}. Given d € H2(Xo;Z), define

J
= II e
ecE(T)
We define a generating function

def F. .
78t plen e, @A Q)= > QIZ", pala, e,dA)
deH2(Xo;2)

= Z ZQdA (1—r dd+2m/ A (Ton) Bp(V).

deH2(X0;2) n>0 My d,n (X loo)

4.3. 4d pure gauge theory. Nekrasov instanton partition functions of 4d pure
gauge theory are given by

Zmbt (61, €9, @'; A) déf A(1—7‘)d~d Z A27‘n/
n>0 My d,n (X oo )

o def
ZlnSt(elaGQaa;A7Q) é Z Qlen:td(61a€27a‘aA)'
deH?2(Xo;Z)

1

)

We have
Z¥ (e e, @A) = Z¥4_) poyalen e2,d@0),
Z}?st(el,eg,d;/\,@) = Z}?g:ﬁA 1.5-1(€1,€2,0 A, Q).
We define a grading on the ring Q((e1, €2, @))[[A]] by
deg A = dege; = degey = dega, = 2.
Then Z5, (€1, €2,d; A) € Q((e1, €2,@))[[A]] is homogeneous of degree 0.
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4.4. 4d gauge theory with N; fundamental matter hypermultiplets. Let
T, be the maximal torus of U(Ny). Then Hy, (pt) = Q[ma,...,mn,]. Let M be
the fundamental representation of U(Ny), and write m = (m1,...,my;). Let V be

the natural vector bundle as in Definition 2.9; it is a T-equivariant vector bundle
over M, g0 (X, loo).

Nekrasov instanton partition functions of 4d gauge theory with Ny fundamental
matter hypermultiplets are given by

in = = def —r)d- T
ZXsfd(617€27a?m;A) = A(l e ZAQ n/ (CtOp)TXTm(V®M)
n>0 gﬁr,d,n(Xveoe)

Ny

= A(lfr)d-d ZAZML/ H(Emf)f(v)

1'7,20 mr,d,n(xy‘goo) le
where E; is the multiplicative class associated to f(z) =t + z, so that
E(V)=tF+e;(V)tF 1 4. 4 ¢, (V), k=rankcV.

3 - = def ins - =
Z_l)?st(€17627a7m;AaQ> = Z de;lsfd(EbGQ,aam;A)'
deHZ2(Xo;Z)

N

Let Ez = [[;2, Em,. Then
Z;r(ffd(el’ €2,d,m;A) = ZBI(IDS,tA:I,B:Em,d('fla €2,a; )
Z?St(ela €2,d,m; A, Q) = Z}?s,tAzl,B:Em (€1,€2,a; A, Q).

4.5. 4d gauge theory with one adjoint matter hypermultiplet. Nekrasov
instanton partition functions of 4d gauge theory with one adjoint matter hyper-
multiplet are given by

ins = def —r)d: ™
ZEt (e, ea,d,m A) = ADTTIEAN A2 / (Em)7(Ton)
n>0 My, d,n (X loo)

. - def d r7ins -
Z}?;t(617627a7m;A7Q) = Z Q Z}?;,td(€17627a7m;A)‘
deH2(Xo;Z)

We have
Zal)?(?fd(el’ €2, C_i’ m; A) = Z}?s,tA:En“B:l,d(€1a €2, C_ia A)
Z?:t(61a62757m;A5Q) = Z;?s,tA:Em,le(ehe%a;A7Q)'

4.6. 5d gauge theory compactified on a circle of circumference (5. Let Eﬁ
B /2
sinh(fz/2)
bundle E, El(E) = A\(E) is the A-genus of E. The index of the Dirac operator on

a complex manifold M is given by

be the multiplicative class associated to fg(z) = . For a complex vector

/M A(Twy).
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The Nekrasov partition functions of 5d gauge theory compactified on a circle of
circumference (3 are given by

Zt (e, €2, A, B) = AN Agm/ (A)(Tm).
n>0 gﬁr d, n(XveDO)
Ze 0 (61, 60,3 A, Q, B) = > QUZE (a1 e,d A, B).
deHZ(Xo;Z)
We have
Zaler e, @A B) = 2 5 5 gl @A),
7%t e, e, M,Q,8) = Z;?stA Ap,B= (€1, 62,84, Q).

Note that Ll;in% fa(z) =1, so the partition function of 5d gauge theory compactified

on a circle of circumference 3 specializes to the one of 4d pure gauge theory as
B — 0, that is:

lim Zi)?:’td(el,EQ,ﬁ;A,,B) = Zi)‘(f’td(el,q,c_i;./\),
hm Zm“(el,eg,&';A,Q,ﬂ) = Z‘mt(el,EQ,d’;A,Q).

4.7. Hirzebruch x, genus. Let
N N
(Xy) 7 (Mg, (X, b)) = Z(_y)p (=1)%chz HI (M g0 (X, Log), APT My 0,0 (X, loc))
p=0 =0
be the T-equivariant Hirzebruch Xy genus, where N = dimc M, 4.,(X, ). In
particular,
(x0)7(My.d,n (X, €es)) = X7 (M 4,0 (X, les), O).
By Hirzebruch-Riemann-Roch,

N
(Xy) 7 (M a,n (X, loo Z / td7 () chzp (APT*ON)
=0 mr d,n (X eOC)
where I = M, 4, (X, loo)- Deﬁne
stt (61,6276;A,y) — 1 r)ddZAQTn rdn(Xg ))
n>0
st (e1,€2,a; A, Q,y) Z QdZmSt (€1, €2,a; A, y).
deH2(X0;Z)
Then
ZinStd(elv €2, d; A7 y) - ZEI(l:tA Ay,B=1 d(eh €2, a; A)
Z‘mt(ehez,d’;A,Q,y) = Z}?stA A, B= 1(€e1,€2,a; A\, Q),
where A, is the multiplicative class associated to
_z(l—ye ™)
fy(@) = I_e—=z
In particular,
x
fol@) = ———, filz) =

1—e 2’
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so Ag(E) = td(E) and A (E) = e(E).

4.8. Elliptic genus. Let A, , be the multiplicative class associated to

2 ] (1—yg"te™")(1 —y~'q"e)
_gn—leg— _
woy (L=gntem®)(l—gre)
The T-equivariant elliptic genus of 901 is given by
XT (Dﬁhd’n(Xﬂ (oo), Y, q) = / Ay,q (Tgm)
gnrr-,d,n(Xaeoo)
Define
; o def i N
Z?jfd(ﬁhﬁma;/\a%@ = B?E,tAsz,q,BzLd(fla62,0;/\)

= ACTIEEN A (M a1 (X, Lo Y, 0),

n>0
7% (€1, 62,3 A, Q,y,9) o Notaca, =11, 62,3 A, Q)
= ) Y QAT (M, 4 (X, o), Y, ).
deH2(X,,Z) n>0
5. THE INSTANTON PART

In this section, we calculate the partition functions defined in Section 4.

5.1. The tangent bundle: adjoint representation. Let (E,®) € M, 4., (X, )
be a fixed point of T-action corresponding to (D,Y) = (D, Yi,...,D,, 17}) We
want to compute

chiT(mo) My an (X, loo) = chiExty (B, E(—{s)) = —chzExth (B, E(—(x)).

‘We have
E=L(D)® - -®L(D,),

SO
—chzExty (B, E(~ls)) = =Y chpExtd, (Ia(Da), I3(Dg — Loo))
B
= =Y e chy,Bxt), (Io(Da), I3(Dg — ).
o,
Let
Lo p(ti,t2) = —ChTtEXt?QX (Ox(Da),O0x(Dg — lx))
= —x1.(X,0x(Dg — Do — {c))
Ma)g(tl, tg) = ChTtEXt?QX (Ox(Da), Ox(D,g - goo))
—chr, Ext} , (Ia(Da), Is(Dp — £o)).
Then

@) T Mran(X bo) = D 7% (Ma,p(tr, t2) + Las(ti t2))
a,B=1

So it remains to compute M, g(t1,t2) and Lq g(t1,t2).
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5.1.1. My g(t1,t2). Let X € Homoy (T}, C*) be the characters of the T;-equivariant
line bundle Ox (D) at the T} fixed point p, € Xp, and let x¥, x4 € Homp,, (T3, C*)
be the characters of T,,, X. Then x}, ,x{, x5 are monomials in ¢y, 5.

Let t; be the Lie algebra of T;. Define weights wp, ,w{,ws € Homo, (t;,C) =t/
by

ewz’a = qu)?aa ewi) = Xi;a ew;’ = X;

Given a partition (Young diagram) S and a box s € S, let as(s) and lg(s) be
the arm-length and leg-length of s (see e.g. [NY, Figure 2]). Given two partitions
S, T, let

(5) MST tl,tQ Zt—lT s)tas(s + Ztls(t)-‘rl —CLT(t)
s€S teT

Nsr(er,e2) & Mg (e, e?)
(6) Z —ir(s)er+(as(s)+1)en (Is(t)+1)e1—ar(t)e
= e —+ Z e\'s 1 T 2
s€S teT
The expression (5) was introduced in [FP, Equation (4.45)]. (See also [EG, Lemma
3.2] and [NY1, Theorem 2.1].)

Proposition 5.1 (vertex contribution to the tangent bundle).

XUD (t17t2)
> ﬁMY;,YE(XY(tht2)»X5(t1’t2))
vev (D) XDQ 1,02

_ wp *vaa v v
= § e’ Ny vy (wy, w3)
veV (T)

Ma,,@(tl7 t2)

where wy = wy (€1, €2), wy = wy(e1,€2), t1 = €,y = 2.

Proof.

M, p(t1,t2) =chy,Exty (Ox(Da), Ox (D — o))
— chy, Extyy  (Ia(Da), 1a(Ds — {so))-

We will compute the two terms on the right hand side of (7) using the method in
[MNOP1, Section 4].

Exth, (Ia(Da), I5(Ds — €o))

(7)

= Z (_1)i+jHi(Xa5$tj(la(Da)7Iﬁ(D[3_eoo))
i,5=0

= Z (_1)i+j¢i(X75xtj(Ia(Da)7Iﬁ(Dﬁ _eoo))
4,j=0

where €% denote the Cech cochain groups. More explicitly, let

{pa|a:1""’X(X)}

be the Ti-fixed points in X, where x(X) is the Euler characteristic of X. Let U,
be the C? coordinate chart with origin at p,, and let Uy, = U, N Uy, etc.
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2
> ()M (X, Ext! (1o (Do), Ip(Dp — €)))
,j=0
= P (1T (Ua, £t/ (In(Do), 15(Dp — L))
a j=0
7@2 ab,SIt]( (Da)alﬁ(Dﬂ - KOO)))
a,b j=0

2

+EP D (1T (Uave, €2t (1o (Do), I3(Dg — £o)))

a,b,c 3=0

Note that I,|y - =0xlu ~unless ¢ = 1 and p,, € Xg, so
ay...a; ay...a; 1

Ext*oX(OX( a), Ox(Dp — o)) = Exto, (Ia(Da), Ia(Dp = o))

D Z YT (Us, Eat! (Ox (Do), Ox (Dg)))

veV(T) j=0

@ Z jr UU,Ext( (Da)a‘[ﬁ(Dﬁ)))

veV (") j=0

where U, is the C2? chart centered at p,.

Given a partition (Young diagram) Y and a box x € Y, let a/(z) and I'(z) be
the arm-colength and leg-colength of x, respectively (see e.g. [NY, Section 3.1]).
Given a partition Y, we define

2: U'(z) a'w
81,82 S .

z€Y
We have

Z jF Uv,c‘,'mt (Ox (D )aOX<Dﬂ)))

7=0
2
—chz > (=1)'T (U, Ext! (In(Da), 15(Dg)))
7=0

= X, (¥h.) " (Qua (NS + Qv (6™ () ™)
@y () @y () ™ (08) ™)1 = XD (1= )
Xb. (XD.) " My vy (X7, x3)

where

Msp(ti,ta) = Qs(ti,ta)trits + Qr(ty ' t5")
—Qs(t1,t2)Qr(tyt t3 M) (1 — 1) (1 — ta).
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We now compare our expression of My(;),yéj (t1,t2) with the notation in the proof of
[NY1, Theorem 2.11]. The correspondence is

titsHomo (Va, W5) = Qyu (b1, t2)tits

Homo, (Wa,Vs) = Qvy(ti' ;")
(ti +t2 = 1 = tito)Homoy (Va, V) = —Qva(t1,12)Qvy (17,85 1) (1 = t1)(1 — ta).
So Mg r(t1,t2) can be rewritten as (5). ]

5.1.2. Lo g(t1, t2).
Lemma 5.2. If D, = Dg then Ly g(t1,t2) = 0. In particular, Ly q(t1,t2) = 0.

Proof.
Lag(ti,t2) = —x1,(X, Ox ()

which can be identified with the tangent space of 9 0,0(X, fs) at the trivial line
bundle Ox. By Proposition 2.1,

H(X,0x(~lw)) = H*(X,0x(~ls0)) = 0.
By Corollay 2.4 (here r = 1,d = 0,n = 0), H'(X,Ox(—{s)) = 0. O

By Proposition 2.8 and Corollary 2.10, we have
Lemma 5.3. Suppose that D - o, = 0. Then
H(X,0x(D - lx)) = H*(X,0x(D — ) =0,
and
dime H'(X,0x (D — ls)) = —% (D*+c1(X)- D).
In particular, for any D such that D - /., = 0 we have
D? = —dimc HY (X, Ox(D — {s,)) — dime HY (X, Ox (=D — {4)) < 0.

Notation 5.4. Let qo,q1 be the two T; fized points on lo. Let w (resp. u) €
Hom(T,C*) be the tangent weight (resp. normal weight) at qo, i.e., the weight of
the Ty-action on Tyyloo (resp. (Noo/x)q,). Then the tangent weight (resp. mormal
weight) at qi, i.e., the weight of the Ti-action on Ty, oo (resp. (Ny_/x)q,), must
be given by —w (resp. u— kw), where k = loo - Lo > 0.

Note that the normal weights at gy and g1 are the restrictions of the equivariant
first Chern class (¢1)7, (Ox(£x)) to the T} fixed points qo and ¢, respectively:

(c1)7,(Ox (fo))

=u, (c1)1,(0x(lxo))| =u—kw.

90 q1

Proposition 5.5 (edge contribution to the tangent bundle).

_ewgﬁ—vau 1 1
Lo g(ty,ta) = m 5 .
sltnt) =\ D G | T a —e T i e a — e )



THE NEKRASOV CONJECTURE FOR TORIC SURFACES 19

Proof. Recall that Ly g(t1,t2) = —x7, (X, Ox(Dg — Do — ls)). By Grothendieck-
Riemann-Roch,

X1 (X, Ox(Dp — Do — {o))
= /X tht (77)()(‘,}17“t (Ox(Dg — Da — EOC))

v v
Wpg~Wp, e U e—u+kw

2 Toema e | T e a e T i ey

veV ()

]

Example 5.6. Let X = Fy, {y, o be as in Example 2.6, with the following T;-
action:

Tpleo ‘ (NZO/X)Pl ‘ szfo ‘ (NZO/X)Pz ‘ TPSEOO ‘ (NEQC/X);DS ‘ TP4€OO ‘ (Nfoc/X);DzL

€1 ‘ €2 ‘ —€71 ‘ €2+k€1 ‘ —€1 ‘ —€9 7](361 ‘ €1 ‘ —€9
Hence, here w = €1 and u = —e3, and we have Dy = doly for some d, € Z.
Then
L _e(dﬁ_da)e2 _e(d,g—d(,)(eg-i-kel)
apg(ti,t
Bt t2) e )1—c=) + (1—e9)(1—e c2ka)
+ ! + !
(I—e ) (1—e*2) (1—e)(l—ec2"ke)
1— tdﬁ —dqo 1 (tlftg)dﬁfd"

L-trHl -t A -t -5
and we have

dafd[jfl k;]
S> 7 ifdy > dg,
j=0 =0

Log(ti,ta) =  4deki]

SN ot if d, < dg,
j=1 =1

0 if do = dg.

5.2. The natural bundle: fundamental representation. Let (E,®) € M, 4., (X, )
be a fixed point of the T-action corresponding to (D,Y) = (D, Yl, ..., D,, ) We
want to compute

chiVip.e) = chpH (X, E(—ls)) = —x7(X, E(—lx)).

‘We have
E = Il(Dl) @ e @ Ir(D’r’)a
SO
X7 (X, (o)) = = Y x7(X, I5(Dp = b)) = = D X7, (X, I5(Dg — £0))-
<] B
Let
Lﬁ(tlatQ) = _XTt(X7 OX(DIB _EOO))

Mg(ti,t2) = x1.(X, O0x(Dp = loo)) = x1, (X, Ig(Dp = loo)).-
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Then
(8) chiVipa) =D e (My(tr,t2) + Ly(t1,12)) .
B=1

So it remains to compute Mg(t1,t2) and Lg(t1,t2).
Let wp,_,w{,wj be defined as in Section 5.1.1. Given a partition S, let

(9) tl,tg Ztll (s) 70, "(s)

ses

(10) Ns(er,e) & M(er,e2) = 3 e v (o)
seS

Proposition 5.7 (vertex contribution to the natural bundle).

Mpg(t1,t2) = Z XD (t1s t2) My (XY (1, t2), X5 (1, £2))
veV ()
= Z ewDﬁNyBu(wi’,wg).
veV (T)
Proof. Let D, = 0 in Proposition 5.1. (]

Proposition 5.8 (edge contribution to the natural bundle).

v
wp

—e 7B 1 1
L = .
st tz) g(:r) TNl | T T em)1—ev) 1 —ew)(1l_etw)

Proof. Let D, = 0 in Proposition 5.5. (|

Example 5.9. Let X =Fy, {y, s be as in Example 2.6, with the Ti-action as in
Example 5.6. Then

—dg—1 kj
o> 7 ifds <0,
j=0 =0

Lg(ty,ta) = ¢ Go Rzl

SN o ht if dg > 0,

j=1 i=1

0 if dg = 0.

5.3. Formula for instanton partition functions. Given Y = (Y1,...,Y,), where

each Y, is a Young diagram, and a multiplicative class A associated to f(z), define

mY o pler, 2,d H flag — aa —ly,(s)er + (ay, (s) + 1)e2)
(11) SEY,
: H flag —aa + (I, (¢) + 1)er — ay, (t)e2),
teY,
(12) mAﬁ €1,€2,0 H flag = Iy, (t)er — ay, (t)ea).

teyr
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In particular,

mgop,a’ﬁ(q, €9, C_L') = H ((],B — Qo — lyﬁ (8)61 + ((J,yC¥ (S) + 1)62)
s€Y,

. H (a’ﬁ — aq + (lya (t) + 1)61 — Qy, (t)ég).

teYp

(13)

Let Z&%Y 5 = Z(IC“QStA B.o» and let [Y] = 3" _, |Ya|. In this case, all Dy = 0, so
the leg contribution is zero (see Lemma 5.2, Lemma 5.3):

Las=0, Lz=0.

By (4), Proposition 5.1, (8), Proposition 5.7, and above definitions (11), (12), (13),
we have:

Proposition 5.10 (instanton partition functions for C?).

mY e, 62,0 o o B
ln2SA gler, €e2,d;A) :ZAWWH ‘Aja,f71 T2 Hm};,g(ehq,a)
Y a,f mctop o [3(61’ €2,0Q ) B=1

Given D = (D1,...,Dy), where each Dy € @ccpr)Zle = Hz(Xo;7Z), and a
multiplicative class A, define

(14) 10 o sler,e2,d@) = ApH'Y(X,0x(Dg — Do — L))
Then lg,aﬁ(el,ég;c_i) =1if D, = Dg. In particular, l?ya’a(eheg;d’) =1. Let
(15) 15 5(e1,€2,d@) = ApH' (X, 0x(Dg — ).

Let

. 1
B2 =5 32 (Do~ Dy)? 20
a#f

By Equations (4), (8) and Propositions 5.1, 5.5, 5.7, 5.8, 5.10, we have the
following analogue of the “master formula” in [Ne3, Section 6].

Proposition 5.11 (master formula for instanton partition functions).

5 1D €1,€
t . D|? Aa,@ 1, 25
78t palenea,asA) = > APPT] D— HZB,B (e1,60,d
SN Da=d a#B Yeiop,a 5(61, €2,0
Iz st w,a+ D A)
veV (T')
where DV = (wp ,...,wp ).
5 12 (€1,€2,d)
inst a: Dy A |D|? A,a,p\ 1) €2
Z;?;,A,B(€17627G'7A)Q) = Z Qza A‘ ‘ H ﬁ
Do €H2(X:Z) a#B lctop,a,g(€1,€2,a)
r —
ZD 1nst D’U'A
. B,ﬁ(61’€27 Zez g B (w},ws,d+ D; A)
= veV(T)

In the rank 1 case, Zi, 5 does not depend on d.
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Corollary 5.12 (rank 1, B =1 case).

ZBI(IS:EA,B:Ld(elve?;A) = H mZStAB (wi, wy; A)
veV(T)
d t
ZX:AB (e, 6230,Q) = Z Q H 1I12SAB p(wi, wy; A)

deH2(X;Z)  weV(D)

Note that Corollary 5.12 is applicable to the following cases: 4d pure gauge
theory (Section 4.3), 4d gauge theory with one adjoint matter hypermultiplet (Sec-
tion 4.5), 5d gauge theory compactified on a circle (Section 4.6), Hirzebruch genus
(Section 4.7), elliptic genus (Section 4.8).

5.4. Nekrasov conjecture for C?: instanton part.

Definition 5.13 (instanton prepotential for C?). Define

inst =, def inst =,
craplen, €, N) = —ereglog Zpsy pler, e, A).

There are several versions of Nekrasov conjecture which correspond to the fol-
lowing special cases:

(1) 4d pure gauge theory (see Section 4.3):
Fe8 (€1, €0, A) = FFY_) poy (e, €2, A).

(2) 4d gauge theory with Ny fundamental matter hypermultiplets (see Section
4.4):

f(iCIéSt(ehe%d’,m;A) .7:1%324 1.B=E,, (e1,€2,a; A).
(3) 4d gauge theory with one adjoint matter hypermultiplet (see Section 4.5):
FF (e, e2,d,m; M) = ftlcgsix B, B=1(€1,€2,a,m;A).
(4) 5d gauge theory compactified on a circle of circumference 5 (see Section
4.6):

f(géSt(€17€27a:;Avﬂ) f(g;b; A ,B= 1(61,62767m;A)‘

The above definitions of F* are the same as those in [NOJ; the definition in
case (1) above is the negative of the definition in [NY, NY1].

In Theorem 5.14 below, we summarize the various versions of the Nekrasov
conjecture proved by Nakajima-Yoshioka [NY1, NY2|, Nekrasov-Okounkov [NO],
Braverman-Etingof [Br, BrE|, Goéttsche-Nakajima-Yoshioka [GNY2]. We refer to
Appendix C for the definitions of the corresponding versions of the Seiberg-Witten
prepotential in Theorem 5.14.

Theorem 5.14 (Nekrasov conjecture for C2: instanton part).

(1) 4d pure gauge theory [NO, NY1, BrE]:
(a) ]—"“St(el,q,cf A) is analytic in €1, €3 near e; = e = 0.
(b) lim fnSt(el, €9, d@; ) = Fi"%(a@, A), where Fi*st(@, A) is the instan-

€1,62—
ton part of the Seiberg- Witten prepotential of 4d pure gauge theory.
(2) 4d gauge theory with N; fundamental matter hypermultiplets [NOJ:

(a) f‘“St(el,EQ,é,Tﬁ;A) 18 analytic in €1, €x near e; = €5 = 0.
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(b) lim Fcz Y(er, e2,d@,m; N) = FioS(a@,m, ), where Fi*st(a,m,A) is

€1,62—0
the instanton part of the Seiberg- Witten prepotential of 4d gauge theory
with Ny fundamental matter hypermultiplets.
(3) 4d gauge theory with one adjoint matter hypermultiplet [NO]:
(a) f‘“St(el,EQ,c_i m; A) is analytic in €1, €z near e; = eg = 0.

(b) lim flnSt(el,eg,J,m;A) = Fims(d@,m,A), where Fi*st(d,m,A) is

€1,62—0
the instanton part of the Seiberg- Witten prepotential of 4d gauge theory
with one adjoint matter hypermultiplet.
(4) 5d gauge theory compactified on a circle of circumference 5 [NO, NY2,
GNY?2[:
(a) ]—'m“(el,ez,d’ A, B) is analytic in €1, €3 near e, = €3 = 0.
(b) lim .7-"1““(61,62,&';/\75) = Fims%(a, A, B), where Fi*st(a@, A, B) is the

61762_)
instanton part of the Seiberg- Witten prepotential of 5d gauge theory
compactified on a circle of circumference (3.

5.5. Nekrasov conjecture for toric surfaces: instanton part. The expression
of the master formula (Proposition 5.11) contains two parts.

e Leg contribution:

I Zw— H Bler,en,

0 Lorop,a,0(€1 €2, @) 52

is analytic in €1, €2 near €1, = 0, and

1D €1,€
i MH% (c1, 60,
€1,62—0 ZD (6 €
a#B “ciop,0, B\ 1 2,0
—3((Dg—Da)?+c1(X)(Dg—Da)) T
_ H (f(aﬁ _ aa)> 2 ((Pp 1 g H g(aﬁ)_%(DgJ,-cl(X)Dg).
azp \ AT Ga =1

e Vertex contribution:

t P v
-7'—(;:%5,4 B(’uﬂf,wé’,a + D";A)

T1 22 plwtuga+ B0) —ep (~

wiws
veV(I) veV(T)

Definition 5.15. Given D = (D1,...,D,), where each D, € @ Zl, = Hy(Xo; Z),

ecE(T)
define
flnst A f(l:gsil B(wi)’ UJS, d + DU; A)
Xoua,B,5(€1 €2, G A) = > WYy
veV (T) 172
f(‘crészl p(w,u, @A) ftlcr;StA p(—w,u—kw,d; )

wu —w(u — kw)

Lemma 5.16. Assume that .7-'”55';‘ pl€1,€2,d; A) is analytic in €1, €3 near €; = €3 =

0. Then .7-';?“14 B, D(61,62,a A) is analytic in €1, €5 near €4 = €3 = 0 for all D.
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Proof. ]-"(‘C%StA p(€1,€2,d; A) is symmetric in €1, €2, so it is a function of s; = €; + €3,
So = €1€9, d, and A. For fixed a, A, let

=, inst :
9a,B(51,82,d1, ..., dr, @3 N) = Fz'y pler, €2,a1 +di, ... ar +dps A).

Then ga,p(s1,s2,d1,...,dr,a;A) is analytic in sy, $2,d1,...,d, near s; = s =
dy = ---=d, =0, so it has a power series expansion. Therefore
(16)

IA,B,5(€1,€2;57A)

def

= /X 9A.B ((Cl)Tt (Tx), (e2)1, (T), (1)1, (Ox (D1)), - - -, (e1)1, (Ox (D)), @ A)

is analytic in €1, €3 near ¢, = e; = 0, and

(17)
lim 1, 5 56,618, A) :/ gA,B(CI(TX),cz(TI),cl(oX(Dl)L...,cl(OX(DT)),a;A).
€1,62— () X

The integral I, , 5(€1,€2,d;A) is computed by the localization formula as follows:

et I
f(lc‘?’A’B(w’f,wS,a—f—D”,A)

Lpplovadt) = %
veV(T) 172
f(icréffq’B(w, u, d; A) N f(icnszq)B(—w, u— kw,d; A)
wu —w(u — kw)

O
Definition 5.17. Assume that f(icr;sfq ple1, €2,a; N) is analytic in €1, €3 near €; =

€2 = 0. Define

F 5(a@A) €

: inst =,
Xo.AB.D lim F =(€1,€2,d; A).

€1,e2—0 Xo,A,B,D
Lemma 5.18. If]—'é%ﬁtA’B(el,e%d’; A) is analytic in €1, €2 near €1 = e = 0, then
inst .= inst =, inst =,
log (ZXO,A,B,d(Gla €23 a; A)Z(CQ,A,B(wa u, a; A)Z@,A,B(*wv u — kw, a; A))
is analytic in €1, €2 near e = €3 = 0.
Proof. We have
inst .= inst =, inst =,
Zx5a paler, €250 M) Z¢5"y p(w,u, d@; N)Z¢5"y p(—w,u — kw,d; A)
S A .
= AP h5(€1,62,a;A)
S Do=d
where
10 (€1,€2,@) 1o A
=, _ A,o,B\15 €25 D — inst =
hi(er,€2,a;A) = H B o oa H l5 (€1, €2,d) exp 7‘7:)(,,4,3,5(61’62’@’/&) .
a#pB Ctopyohﬁ(el’ €2, a) B=1
h (€1, €2,a; A) is analytic in €, €2 near €; = €3 = 0, and

H (f(ag _ ag))é((DﬁDa)2+Cl(X)(DﬁDa))

lim hg(er,e,d;A) py—

€1,e2—0

a#p

. —_l(p24c . -
. H g(aﬁ) 2(D5+ 1(X)-Dg) eXp(_FXO)A’B’B(a;A)).
B=1
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Therefore

- .
log Z AP hg(e1, €2, d; A)
> Do=d
is analytic in €1, €3 near €¢; = €3 = 0. [l
By Lemma 5.18, the pole of log Z}?;fAB’d along €; = €2 = 0 is the same as that

of

—log Z&%&B(w, u,d@; A) —log Zg]zb;%’B(—w, u—kw,a;A)

f(icgf%’B(w, u,a; A) f(icgf%’B(—w, u— kw,d; A)

wu —w(u — kw)

Definition 5.19 (logarithm of the instanton part). Define

(e, €2, A) = —u(u — kw) log Z¢ (€1, €2, @5 A).

Theorem 5.20. If f(lc%fiLB(el, €2,a; \) is analytic in €1, e near €, = €3 = 0, then
(a) ;?:tA pal€r,€2,@; ) is analytic in €1, €2 near e; = €3 = 0,

: inst =, _ . inst =,
(b) lim Fx>y paler,e2,aA) =k lim Fer¥y pler, ez, a;A).
€1,62—0 e €1,e2—0 e

Proof. Let

wu —w(u — kw)

Finst (w,u, @A) FSt o (—w,u— kw,d; A
gr(w,u, @A) = —u(u — kw) < Eanl ) + ol )>
Note that (w,u) and (€1, €2) are related by a coordinate transformation in SL(2,Z).
By Lemma 5.18, it suffices to show that

(a) gr(w,u,d;A) is analytic in w, u near w = u = 0,
(b)’ limogk(w,u,(i; A)=Fk lim 0-7:&854 pgler, e2,d, A).
w,u— e

€1,62—

We have
FUY (—w,u — kw,a@; A) — fcrés,;,B(w,u, a; A) = wHy(w,u,d; A)
where Hy(w,u,d; A) is analytic in w,u near w = u = 0. So
(18) gr(w,u, d; A) = kf(icréffq73(w,u, a,\) + uHy(w, u,d; A).

(a)’ and (b)’ are are immediate consequences of (18).

Theorem 5.14 and Theorem 5.20 imply:

Theorem 5.21 (Nekrasov conjecture for toric surfaces: instanton part).

(1) 4d pure gauge theory:
(a) FR, (€1, €2,@; M) is analytic in €1, e near €; = €5 = 0.
(b) 12£0f§§fd(6176275; A) = kFSU @, A), where First(a, A) is the in-

€1,
stanton part of the Seiberg- Witten prepotential of 4d pure gauge the-
ory.
(2) 4d gauge theory with Ny fundamental matter hypermultiplets:
(a) f%‘;fd(el, €2, a,m; N) is analytic in €1, €z near e = eg = 0.
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(b) lim FR (1, €0,d,m; A) = kFy"(d@,m, N), where FPs*(a, m, A) is

€1,62—0
the instanton part of the Seiberg- Witten prepotential of 4d gauge theory
with Ny fundamental matter hypermultiplets.
(3) 4d gauge theory with one adjoint matter hypermultiplet:
(a) f‘“St (€1, €2,a,m; A) is analytic in €1, €z near €1 = €3 = 0.

(b) hm ]—"ms J(e1,€0,@ m; A) = kFiPSU(@,m, A), where Fi*s*(a@,m,A) is

€1,€2—
the mstanton part of the Seiberg- Witten prepotential of 4d gauge theory
with one adjoint matter hypermultiplet.
(4) 5d gauge theory compactified on a circle of circumference G:
(a) ]—"‘“St (€1, €2,a; A, B) is analytic in €1, €z near €1 = ea = 0.

(b) hm .7-'lngt Jer, e, @ N, B) = kFPSU(a, A, B), where First(a, A, B) is

€1,62—
the mstanton part of the Seiberg- Witten prepotential of 5d gauge theory
compactified on a circle of circumference 3.

6. THE PERTURBATIVE PART

In this section we prove the perturbative parts of the conjecture, of which in-
stanton counterparts were proved in Theorem 5.21. The perturbative part comes
from the difference between framed instantons on the compact toric surface X and
unframed instantons on the noncompact toric surface Xy, so we must consider the
virtual tangent and natural bundles of the moduli space of unframed instantons
on Xy. Evaluating the required multiplicative classes at such bundles gives rise to
infinite products which need to be regularised. Following [NO] we use zeta-function
regularization (Definition 6.3).

6.1. The virtual tangent bundle of M, 4, (Xy). Given (E,®) € M, 4, (X, leo),
we may look at E|x, as representing a point in the moduli space M, 4, (Xo) of
unframed instantons on the noncompact surface Xy. We have

ChT g‘l\rx mr7d7"(X0) = _ChTEXt?QXO (E|X07 E|X0)

ag—a —wy v W 1
Z e Z € D Pe (NY(::Y/;) (wlﬂwQ) - (1 _ e_wi!)(l — e_wg)>

veV (T)

(aptwp,)—(aatwy 7wy :
Zze stwp,)=( Da)(Ny;,Yﬁv(whwz)_ (1_€7w}’)(1_6*w§)).

vell o,

The perturbative part of the T-equivariant Chern character of the tangent bundle
is given by

chp TPt 4 ep i smr,d,n(Xo) — chi T o)y (X, o)

E|x, E|x,

_geaﬁ_% ((1 . e*w)(l Ty S G ew)(llf e“*kw))

- Z()l Jéj ets e ( k-1 .
_ . L4 Y.
) _ pu—kw
(I—e¥)(1—e ) =
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Example 6.1. X =P?, X, = C?.

1 1
h ~Tpert — _ ag—aq ( )
PellEn = - L (fomaa e T Ame e

- Za,ﬁ ets e
M=) )

Let A be a multiplicative class defined by a formal power series f(z). Formally,
evaluating A on the tangent bundle produces the following perturbative part:
(19)

Tt
AT(T(%)@)) =

1
Hﬁ:of(aﬂ*aa*inrju)H;};:of(aB*aa +iw + j(u — kw))

The infinite product on the right hand side requires regularization.

6.2. The natural virtual bundle. Given (E,®) € M, 4,(X, ), once again
looking at E|x, as representing a point in 9, 4 ,(Xo), we have

ChTVE?;O = _XTEXt*OXOE
a w v v 1
= Zeﬁ Z e Dﬁ(Nva(wl,wQ)—(1_6_11}11,)(1_6_“};))
B veV(T)

— Z Z e(aﬁ"!‘va[i) (NYL;J (wy,wy) — 1— efwf)l(l _ e*qu’)>'

vell o,

The perturbative part of the T—equivariant Chern character of the natural bundle
is given by

_y/spert def _Y/vir N
chiVi . = hiVi) —chiVig.e)

» 1 1
= —az;e ((1 e (=) T—en)(i- e“*kw))

— 3 et k-1 .
= (1—6“)(16—eu_kw)(1+;e )

Example 6.2. X =P?, X, = C?.

1 1
ho- pert —_ a[g< )
BeVER = L mEma e e - e

_Zﬂeaﬁ
(I—e)(1—e <)

Let B be a multiplicative class defined by a formal power series g(z). Formally,
evaluating B on the natural bundle produces the following perturbative part:

1

20 BA(VPT) = — ‘ . = ‘ . :
@0 BrlVeix) = [T, alap —iw + ju) [T5y glap T iw & 3(a — k)

ElXU

The infinite product on the right hand side requires regularization.
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6.3. Regularization. Following [NO, Appendix A], we introduce the following
functions.

Definition 6.3 (zeta-regularization).

def d
ds

(21) Yer.ea (T3 A) =

A dt et
s=0T(s )/ T (et —1)(ec2t — 1)

761,52 €T | Bs A) = . <_B(x+

1
26162 6 glat 62))3 o log(ﬁA)>

2
e —pBnx

+ Z eﬁnel _ 1 (eﬂnez _ 1)

(22)

exP(Vey 65 (T3 A)) is a regularization of the infinite product
ﬁ A
ii=0 xr — iEl — jEQ ’

For a very nice explanation of this regularization scheme see [Ok]. The function
Ver,eo (T3 A) satisfy the following properties (see [NO, Appendix A]):

Fact 6.4. (1) €1€2%e,.e,(z; A) is analytic in €1, €2 near e, = €3 = 0;

1 z 3
(2) lim 0 €1€27er e (z;A) = —§x2 log A + ixg.

€1,€2

6.4. Nekrasov conjecture: perturbative part. Applying zeta-regularization to
(19) and (20), we obtain the following definitions:

Definition 6.5 (perturbative part of the partition function).
(1) 4d pure gauge theory:
fgfiiA 1,B= 1(e1,€2,a5 M)

o u(u — kw) - (Z(V—w,u(aﬁ —aq;\) + 'Yw,u—kw(aﬁ — Qq; A)))

a,B

pert =,
pert 7 A def }_XO,Azl,le(el’ €2, a; A)
X07A:17B:1(€1’ €2, Q; ) = exp 5

—u(u — kw)
(2) 4d gauge theory with Ny fundamental matter hypermultiplets:

pert .
FX[),A 1,B= E,,L(617627a7 A)

def u(u — kw) - (Z (7_w7u(a[3 — Ga; N) + Yo u—kw(ag — aa; A)
a,B

- Z(’wa,u(aﬁ + mg; A) + 'Yw,ufkw(aﬂ + mg, A))>
B, f

f?{?A 1,B=FE,; (€1, €2, A)
—u(u — kw) ’

pert . def
ZXO,A:l,B:Eﬁ(el,eg,a,A) = exp
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(3) 4d gauge theory with one adjoint matter hypermultiplet:

pert .
fXO,A=Em,B=1(€17€27 a;A)

o u(u - kw) : (Z (’wa,u(aﬁ — Qq; A) - ’yfw,u(m +ag — aq; A)
o,

+7w,u—kw(afﬁ — Qq; A) — Yw,u—kw (m + ag — Ges A))

Frert (€1,€2,a; A)
t - def Xo,A=E,,,B=1 1,¢€2,4,
2 sk, p=i(€1,€2,3 ) = exp ( ; —:L(u — kw) ’

(4) 5d gauge theory compactified at a circle of circumference [3:

pert .
on,A:zZﬁ,B:l(el’ 627 a‘7 A)

def
= u(u—kw) Z(’Y—wﬂt(ap —ag; B, A) + Yw,u—kw(ap — ag; B, A)
p.q
pert .
pert i A dﬁf on,A:gg,le (613 €2, Q; A)
Xo,A:gg,B:1(617627a’ ) = exp —u(u — k’w)

Example 6.6. X =P?, X, = C>2.
(1) 4d pure gauge theory:
fésfzzl,le(eh €2, a:; A) = €1€2 Z VYer,eo (a,B — Qg A)a
o,
(2) 4d gauge theory with Ny fundamental matter hypermultiplets:

pert .
fC2,A=1,B=E7ﬁ (617 €2, a; A)

= 6162(2751162(0,5—(1&;1&) _Z’YQ,EQ(aﬁ"’_mf;A))»

a,B B,f
(3) 4d gauge theory with one adjoint matter hypermultiplet:

pert .
fcz’A:Em,le(ela €2, a; A)

- 61622<’761,62(aﬂ_a’Oé;A>_761,62<m+a’ﬁ_a’a;A)>7
a,f3

(4) 5d gauge theory compactified at a circle of circumference [3:
t ~
f(gij:gﬁ,le(Gla €2,0 M) = €162 Y Veren(ap — ag | Bi A).
p.q

Theorem 6.7 (Nekrasov conjecture: perturbative part).

(1) 4d pure gauge theory:

. pert . . pert /o
qlgrio‘FXO»A:Lle(el’ €2, A) = kFYT (A, A)
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where
1 o=
) = 3 (=00 = ) tog (2% ) 4 o - a?)
aFp
is the perturbative part of the Seiberg- Witten prepotential of 4d pure gauge
theory.

(2) 4d gauge theory with Ny fundamental matter hypermultiplets:

pert . _ pert /> >
Ellgio}-xf’ U 1)B:Eﬁ(€1,62,a,1\) = kFy (@, m, A)

where

1 o — Q 3
pert (> - _ - _ 2 ] 8 b _ 2
Fo(a,m,A) = E ( 2(aa ag) log( A ) + 4(aa ag) )

oy
+mp\ 3
+Z( (ag +my) log(aﬁAmf>4(ag+mf)2>

is the perturbative part of the Seiberg- Witten prepotential of 4d gauge theory
with N¢ fundamental matter hypermultiplets.
(3) 4d gauge theory with one adjoint matter hypermultiplet:

lim fperA By, B e1, €2, A) = kFP (@, m, A)

€1,e0—0

where

er 1 Qo — Q 3
A amd) = 3 (a0 - asPlog () 4 Jlan - an)?
a7 B

1 ao —ag+m 3
+3(0a = ag+m)log <f) ~ 7(0a—as+ m>2)>

is the perturbative part of the Seiberg- Witten prepotential of 4d gauge theory
with one adjoint matter hypermultiplets.
(4) 5d gauge theory compactified at a circle of circumference 3.

pert . . pert /o
el}igLOFXO,A AgB 1(6176270’7‘/\) *k‘FO (CL,A,/B)

where
fgcrt(&;A’ﬂ) — Z (g(ap — aq)S + %(% — aq)2 log(ﬁA)>
PF£q

is the perturbative part of the Seiberg- Witten prepotential of 5d gauge theory
compactified on a circle.

Proof. We prove (1), (2), (3). The proof of (4) is similar.
Define

Jrlw, w, 3 A) = w(u — kw) (Vw5 A) + Yw,u—w (25 A))-
By Definition 6.5 (definition of FP°), it suffices to show that
. AN L, T3,
u}guniofk(u,w,x,A) =k ( 5% logA + 12 ) .
Let g(ey, €2, ;5 A) = €1€27¢, ¢, (x; A). Then by Fact 6.4,
(i) g(e1, €2, x; A) is analytic in €1, €2 near €7 = €2 = 0.
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1 r 3
.. li A= —Z 21 - 2 2.
(i) lim glere,a;A) = —ga%log - 4 o
By (i), we have

glw,u — kw,xz; A) — g(—w,u, z; A) = why(u, w, x; A)

where hy(u,w,z; A) is analytic in w,u near w = v = 0. We have

g(—w,u,z;A)  glw,u — kw; A)
'A = —
Sr(u,w, z; A) u(u — kw) ( — + o o)
= kg(—w,u,z; A) + uhy(u, w, z; A).
Therefore
lim f( A)ik lim ( A)*k —1 210 £+§ 2
u)’b"o B\ W 25 o el,izaog €1, €2, %5 o 293 gA 41' '

O

APPENDIX A. KOBAYASHI-HITCHIN CORRESPONDENCE AND EXISTENCE OF
INSTANTONS

In this section we recall some results relating instantons in pure gauge theory to
holomorphic bundles. The Kobayashi-Hitchin correspondence predicts an equiva-
lence between instantons and holomorphic bundles in various settings, see [LT]. For
an SU(n) bundle E over compact Kéhler surface X this correspondence was proved
by Donaldson [Dol]: The moduli space of irreducible anti-self-dual connections on
E is naturally identified with the set of equivalence classes of stable holomorphic
SL(n,C) bundles which are topologically equivalent to E (see [DoK] Corollary 6.1.6
for a proof of the rank 2 case). Note that here stability is taken with respect to
the Kahler class. Under this correspondence the topological charge of the instanton
corresponds to the second Chern number of the bundle.

To obtain a Kobayashi—Hitchin correspondence over a non-compact Kahler man-
ifold (X, w) one must impose some conditions on the behaviour of holomorphic bun-
dles at infinity. The instanton charge is obtained by integration of the curvature
of the connection over X, and the mildest constraint that guarantees finiteness of
this integral is to demand that the curvature decays as 1/r2.

For a manifold X that can be compactified to X = X U D by adding a smooth
divisor D with positive normal bundle, Bando [Ba] defined a notion on U(r) flat-
ness and proved the following: There is a correspondence between the moduli space
of Hermitian—Einstein holomorphic vector bundles on (X, w) whose curvature de-
cays faster than 1/r? with trivial holonomy at infinity and the moduli space of
holomorphic vector bundles X whose restriction to D are U(r)—flat.

Alternatively, one can study non-compact Kobayashi-Hitchin correspondence be-
tween instantons and framed bundles, that is, holomorphic bundles that are trivi-
alized at infinity. See Donaldson [Do2] for first non-compact instance of the corre-
spondence, namely instantons on C?; then King [Ki] for instantons on the blow-up of
C?; and Gasparim—Koppe-Majumdar [GKM] for instantons on Zj, := TotOp: (—k).

We remark that these correspondences refer to classical instantons, and corre-
sponding non-compactified moduli spaces of holomorphic vector bundles having
¢1 = 0 (i.e. locally trivial sheaves), whereas in the supersymmetric case the vocab-
ulary instanton moduli refers to the much more general notion of moduli of torsion
free sheaves and their compactifications. In particular, existence of instantons with
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a prescribed charge in supersymmetric gauge theories can be obtained simply by
considering non-locally free sheaves. Thus, existence results for supersymmetric
instantons contrast with existence of classical instantons, c¢.f. [GKM] Theorem 6.8,
which says that the minimal local charge of a nontrivial SU(2)-instanton on Zj, is
k—1.

APPENDIX B. EQUIVARIANT COHOMOLOGY
Let ET be a contractible space on which T' = (C*)* acts freely, and let BT =
ET/T. (For example, ET = (C* — {0})* and BT = (P>)*.) Then ET — BT is
a universal principal T-bundle.

Suppose that 7' = (C*)* acts on an m-dimensional complex manifold M. The
T-equivariant cohomology of M is defined to be

Hi(M;Q) < H*(M7; Q)

where My = M xp ET. There is a fibration My — BT = ET/T with fiber M.
Let ips : M — My be the inclusion of fiber. This induces a ring homomorphism

iyt Hp(M;Q) — H*(M;Q).
In particular, when M is a point, the map
ine » Hp(pt; Q) = Qluy, ..., ux] — H*(pt;Q) = Q
is given by p(u1,...,ux) — p(0,...,0), where uy,...,u; € H%(pt; Q).

B.1. Integral. Now suppose that M is compact. Then integration along the fiber
gives Q-linear maps

(23) | o060 - 2 eu0)

M
(24) " H7(M;Q) = H*(Mr; Q) — Hry(pt; Q) = H*(BT;Q)
such that

(i) [ya=0if o € HI(M;Q), g < 2m.
(i) [, @€ H(pt) = Q if a € H*™(M;Q).
(iii) [, @ =0if o € HL.(M;Q), g < 2m.
(iv) [y, @ € HE ™ (pt; Q) if o € HE(M;Q), ¢ > 2m. Note that Hf > (pt; Q) =
0 when ¢ is odd, and H%ﬂm(pt; Q) consists of homogeneous polynomials
in ug,...,u; of degree ¢/2 — m when ¢ is even.

(v) i% [y a= [y i € H(pt;Q) = Q for o € Hp(M;Q).

B.2. Localization. Let M7 denote the set of T-fixed points in M. Suppose that
each connected component of M7 is a compact complex submanifold of M, so that
MT has a normal bundle N which is a complex vector bundle. Note that N might
have different ranks on different connected components of MT. T acts on M7T
trivially, so (MT)r = MT x BT and

Hi(MT;Q) = H*(M™;Q) ®q Hr(pt; Q).
The T-equivariant Euler class er(N) € Hx(MT;Q) is invertible in

H*(M™;Q) ®g Qlus, - - -, ur]m
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where Q[ug, ..., ug]m is the localization of the ring Q[uq, ..., ux] at the maximal
ideal m generated by uq,...,ur. The Atiyah—Bott localization formula says

(25) / ‘- /M’T er(N

where o € Hy(M;Q), and i* : Hy.(M;Q) — H}(MT; Q) is induced by the inclusion
i:MT — M. In particular, if M7 consists of isolated points p1,...,pn, then

(26) /Q_Z T 53

Where in + Hp(M;Q) — Hi(pj; Q) = Q[uy, ..., ux] is induced by the inclusion
P — M
Now suppose that M is non-compact. Then (23) and (24) are not defined.
However, when M7 is compact, we may define (24) by the right hand side of (25).
Now (i), (ii), (v) are irrelevant, and (iii), (iv) do not hold: given a € H%(M;Q), we
have fM a = 0if ¢ is odd, and fM « is a rational function in uq, ..., ux homogenous
of degree ¢/2 — m (the degree can be negative).

Example B.1. Let Ty = (C*)? act on P? by (t1,t2) - [Zo, Z1, Zo) = [Zo,t1Z1,t225).
We have HF, (pt; Q) = Qley, €2].

/ 1= 4 ! + . =0
p e (—a)(—eate)  (—e)(a—e)

/ 1
1=—
C2 €1€2

B.3. Characteristic classes. Let ¢ be a characteristic class for complex vector
bundles. Given a T-equivariant complex vector bundle V over M, Vo =V x¢ ET
is a vector bundle over My = M xr ET. The T-equivariant characteristic class cr
is defined by

cr(B) Y o(BEr) € H*(Mp; Q) = Hi(M; Q).
APPENDIX C. SEIBERG—WITTEN PREPOTENTIAL

We present a brief description of the Seiberg—Witten prepotential, which is de-
scribed in detail in the seminal work [SW], where Seiberg and Witten gave an exact
solution to N = 2 supersymmetric Yang-Mills in 4 dimensions with group SU(2).
For more details see also [NY] and [D]. For gauge theory with matter see [DW]
and [BFMT]. The subject of 5d gauge theories compactified on a circle and the
corresponding Seiberg-Witten curves were introduced in [Nel].

C.1. SU(2) case. The constraints of N = 2 SUSY imply that the quantum moduli
space is the same as the classical one as an algebraic variety. Basic quantities
are then the coordinates u of the moduli space and the electric charge a, which
in the classical theory are related simply by u = a?/2; in the quantum theory this
relation holds approximately for u — oo by asymptotic freedom, but for finite u the
relation is much more intricate and encodes fundamental geometric and physical
information. The description of the theory via the low energy effective Lagrangian
presents measurable quantities as functions of the coordinates u of the moduli
space, and in particular the electric charge a = a(u). Moreover, Seiberg [Se| shows
that the magic of supersymmetry allows the effective Lagrangian to be expressed
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in terms of a single locally defined meromorphic function: the prepotential Fy; all
remaining quantities in the theory being expressible as functions of Fy and a. An
appropriate incarnation of Montonen—Olive duality accounts for the appearance of
the dual variable

oP = 0

da
whose physical meaning is of the dual, that is, magnetic charge. The defining
relations giving
da? 5 d(-a)

da’ daP ’
which imply that the duality transformation is
P = —7(a)7!

and specializes to the Montonen-Olive transformation ¢g” = g~! when the phase
angle 6 = 0, but not otherwise. The moduli space then acquires expressions for a
Kahler metric

ds* = I'm(rdada)

with K&hler potential > %di, where 7 is the matrix of periods

2Fy  daP
’]' = —_—

da2  da
For SU(2) the low-energy effective values of this coupling are given by 7 = % + %
where 6 is is defined only modulo 277Z; consequently 7 is defined only modulo Z
daP

and there is a second transformation fixing a and taking 7 +— 7+ 1. Since 7 = “—,
it follows that a” + a” + a. This pair of transformations acts as multiplication on
the 2—vector (a”,a) by the matrices

(o) =)

and fractional-linearly on 7, thus generating an SL(2,Z) action. The upshot is that
what lives intrinsically over a point u in the moduli space is not the electric charge
a(u) but the unimodular lattice Za(u)+ZaP (u) of all electric and magnetic charges.
As u varies we obtain a Z? local system V over the moduli space, which Seiberg
and Witten showed to have as simple as possible behaviour; thus having only 3
singularities at +1 and co. Fixing a section of V determines the prepotential up to
a constant. From a careful analysis of the monodromies at the singular points, it
follows that the local system itself can be identified with the fiber cohomology of
the elliptic curve

By y? = (x+1)(z—1)(z —u).

The complexification V¢ can be globally trivialized in terms of a holomorphic 1-

form A\ = %’” and a residueless meromorphic form Ay = %. One then chooses a

homology basis consisting of a loop y around the branch points 1, —1 and a loop
around 1, u; and using such a basis, the correct geometric solution for the period is

f,yD )\1
Y

Tu =
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In this solution, a and a” appear as the periods of v and 4 of the meromorphic

1-form g p
A= @2/:E :(xiru)x:)\gqul.
z4—1 Y

C.2. Higher rank case. The Seiberg-Witten solution is sometimes presented in
reverse order, starting directly with the family of curves parametrized by u as we
just described. For instance, the solution for the group SU(r) then appears as
follows. Let ¢ be an SU(r) gauge field. Then

det(zl — ¢) = a" + Upa" 2 — Usz" 3 + ... + (=1)"U,,

where Uy is the elementary symmetric polynomial of the eigenvalues of ¢, with
Ui = 0 because ¢ takes values in SU(r). These are gauge invariant operators,
so their vacuum expectation values uy = (Uy) serve as coordinates of the classical
moduli space. These are the coordinates on the u-space: us, ..., u,, which generalises
the so-called u-plane in the SU(2) case.

In case of added matter, then the duality transformations take a different form,
e.g. adding Ny fundamental matter hypermultiplets, the duality transformation

becomes:

D D Ny D

a a n;

— R + > my| °

()= () 2m(i)

where R € Sp(2(r — 1),Z), the m; are the masses of the N; particles added, and
ni,nP are integral r x r matrices. Correspondingly, on the total space of the family
of curves, there are then Ny divisors D; along which the meromorphic differential

A acquires a pole with constant residue Qﬁmﬁ Here again the charges a,a®” can

be recovered as the periods of A over v and 7.

We now describe the Seiberg-Witten prepotential in various gauge theories with
gauge group SU (r), starting directly with the Seiberg—Witten curves. Counsider the
family of hyperelliptic curves of genus r — 1 parametrized by A, 4 = (ua,...,u,),
and possibly some extra parameters, in the following cases:

(1) 4d pure gauge theory (see e.g. [NO, (4.5)]):
Cz: A" (w+ %) =P()=2"+uz" 2+ +u,.

2) 4d gauge theory with Ny fundamental matter hypermultiplets (see e.g. [Ne2,
f

(1.10))):
2T*Nf z Nf
Cam:w+ ATQ() = P(z), Q(z)= H(z+mf).
f=1

(3) 4d gauge theory with adjoint matter hypermultiplets (see e.g. [NO, (6.32)]):
in this case the SW curve is the spectral curve of the elliptic Calogero-Moser
system.

Ci,m : Dety,(L(w) — 2z) =0,

where
m m 011(w + q1 — ¢,)07,(0)
(W) =6 (p + VT og( 11(111)))—5—27T Tl( in) RN
911(’11);7') — ZewﬁT(n+%)2+2wﬁ(w+%)(n+%).

neZ
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(4) 5d gauge theory compactified at a circle of circumference 5 (see e.g. [NO,
(7.19)]):

caﬁ:wAy@w+$):X>”%%X% X =,

The Seiberg- Witten differential is
1 dw 1 zP'(2)dz

= z2— =

2ry/—1 w 2w/ —1 Y

Let {4, Bg | o, =2,...,r} be a symplectic basis of H1(Cgz,Z). Define func-
tions aq, ag on the u-plane by

ds

Qo :7{ ds, aP =2rv-1 ds.
AQ Bﬁ

Then
1 2" Pdz 9
Wp = ——F—— =2,...,7
P 27'('\/—71 y 9 p 9 b
form a basis of holomorphic differentials on Cyz. The period matrix 7 = (7,3) is
given by

1 9aP

Taf = QW\/jl (9aﬁ '
Note that a change of symplectic basis corresponds to an element in Sp(2(r—1),Z),
the group of duality acting on the period matrix 7 = (743). In the SU(2) or U(2)
cases, we have r = 2, so the group of duality is Sp(2,Z) = SL(2,Z) and the SW
curve is an elliptic curve.
The Seiberg- Witten prepotential is a locally defined function satisfying

OF
ap =20
Jday,
Therefore the Seiberg-Witten prepotential and the peroid matrix are related by

1 0% Fy
TaB = —F— .
A 2my/—1 8aa6a5

The full Seiberg—Witten prepotential is expressed as a sum

Fo=F5 + 7™

where F§ " is the perturbative part and Fist is the instanton part. The explicit
expressions of the perturbative parts 7} ' of the SW prepotentials in gauge theories
(1), (2), (3), (4) are given explicitly in (1), (2), (3), (4) of Theorem 6.7, respectively;
they have logrithm singularities along A = 0. The instanton part Fi"' of the SW
prepotential is a power series in A%":

]:-(i)nst _ O(A2r> _ f1A27- + f2A47- 4ot an2n7. ..

The coefficient f,, coming from the n-instanton moduli space is called the n-th
instanton correction to the prepotential.

For further details we refer to [DW], [GNY2], [Nel], [NOJ, and [NY, Section 2].
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